Inelasticity of soliton collisions for the 5D energy critical wave
  equation by Martel, Yvan & Merle, Frank
ar
X
iv
:1
70
8.
09
71
2v
1 
 [m
ath
.A
P]
  3
1 A
ug
 20
17
INELASTICITY OF SOLITON COLLISIONS FOR THE 5D ENERGY
CRITICAL WAVE EQUATION
YVAN MARTEL AND FRANK MERLE
Abstract. For the focusing energy critical wave equation in 5D, we construct a solution
showing the inelastic nature of the collision of two solitons for any choice of sign, speed,
scaling and translation parameters, except the special case of two solitons of same scaling
and opposite signs. Beyond its own interest as one of the first rigorous studies of the collision
of solitons for a non-integrable model, the case of the quartic gKdV equation being partially
treated in [32, 33, 34], this result can be seen as part of a wider program aiming at establishing
the soliton resolution conjecture for the critical wave equation. This conjecture has already
been established in the 3D radial case in [10] and in the general case in 3, 4 and 5D along a
sequence of times in [13].
Compared with the construction of an asymptotic two-soliton in [35], the study of the
nature of the collision requires a more refined approximate solution of the two-soliton problem
and a precise determination of its space asymptotics. To prove inelasticity, these asymptotics
are combined with the method of channels of energy from [10, 23].
1. Introduction
1.1. Main result. We consider the focusing energy critical nonlinear wave equation in 5D
∂2t u−∆u− |u|
4
3u = 0, (t, x) ∈ R× R5. (1.1)
Recall that the Cauchy problem for equation (1.1) is locally well-posed in the energy space
H˙1 × L2, using suitable Strichartz estimates. See e.g. [24] and references therein. Note that
equation (1.1) is invariant by the H˙1 scaling: if u is solution of (1.1), then for any λ > 0, uλ
defined by
uλ(t, x) =
1
λ
3
2
u
(
t
λ
,
x
λ
)
, ‖uλ‖H˙1 = ‖u‖H˙1 ,
is also solution of (1.1). The energy E(u(t), ∂tu(t)) and the momentum M(u(t), ∂tu(t)) of an
H˙1 × L2 solution are conserved, where
E(u, v) =
1
2
ˆ
v2 +
1
2
ˆ
|∇u|2 − 3
10
ˆ
|u| 103 , M(u, v) =
ˆ
v∇u.
Recall also that the function W defined by
W (x) =
(
1 +
|x|2
15
)− 3
2
, ∆W +W
7
3 = 0, x ∈ R5, (1.2)
is a stationary solution of (1.1), called here ground state, or soliton. By scaling, translation
invariances and change of sign, we obtain a family of stationary solutions of (1.1) defined by
Wλ,x0,±(x) = ±λ−
3
2W
(
λ−1(x− x0)
)
, where λ > 0 and x0 ∈ R5.
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Using the Lorentz transformation, we obtain traveling waves. For ℓ ∈ R5, with |ℓ| < 1, let
Wℓ(x) =W
((
1√
1− |ℓ|2 − 1
)
ℓ(ℓ · x)
|ℓ|2 + x
)
. (1.3)
Then, the functions wℓ,±(t, x) = ±Wℓ(x − ℓt), as well as rescaled and translated versions of
wℓ,±, are solutions of (1.1). While the ground state W is the unique, up to scaling invariance
and sign change, radial stationary solution of (1.1), there also exist non-radial solutions
Q ∈ H˙1(R5) of the elliptic equation ∆Q+|Q| 43Q = 0 on R5; see [7, 6] for explicit constructions.
However, no classification result is known for such solutions.
The present paper adresses in the context of the wave equation (1.1) the classical question
of the elastic or inelastic nature of the collision of traveling waves. Recall that such questions
were first investigated by early numerical simulations [15, 50] on some nonlinear models, and
then mathematically studied by integrability (see e.g. [50, 28, 18, 48, 40, 5]), using the inverse
scattering transform. In such integrable cases, the collision of any number of solitons is elastic,
meaning that neither the number of solitons, nor their speeds, are changed by the collision.
For models perturbative to integrable models, few results are known (see e.g. [44, 42]) and it
is generally observed that elasticity is lost.
For nonlinear equations that are not close to any known integrable model, the collision
problem is widely open. To the authors’ knowledge, it was studied rigorously only for the
quartic gKdV equation on the line
∂tu+ ∂x
(
∂2xu+ u
4
)
= 0, (t, x) ∈ R2,
following Open Problem 4 in §11 of [40]. For two solitons with speeds 0 < c2 < c1, the authors
of the present paper have adressed the collision problem for the quartic gKdV equation in the
following two asymptotic situations:
(a) Solitons of very different speeds: 0 < c2 ≪ c1. See [32]
(b) Solitons with almost equal speeds: 0 < 1− c2/c1 ≪ 1. See [33, 34].
Under condition (a) or (b), it is proved that in contrast with the integrable cases, the collision
is always inelastic. In [32, 33], the explicit computation of an approximate two-soliton solution
for all (t, x) ∈ R2 describes globally the colllision and shows the presence of a non-trivial
residual term after the collision. Moreover, as a consequence of the conservation of mass
and energy, it is proved that the speeds and the sizes of the solitons are slightly altered by
the interaction. In [34], the strategy is different and could in principe cover the whole range
of parameters 0 < c2 < c1, though for technical reasons, the result is restricted to the case
1−c2/c1 < 1/4. Indeed, an approximate solution of the two-soliton problem is computed only
for large time, so that the solitons are decoupled regardless their respective speeds. Then, the
defect due to the collision is propagated to any further time by special monotonicity properties
of the gKdV equation. The present paper is partly inspired by this approach, replacing such
monotonicity properties by the finite speed of propagation and the method of channels of
energy introduced in [10].
Experimental and numerical results on collision are available for various physical contexts
and nonlinear models, see e.g. [40, 47, 4, 17, 1, 29]. It seems that inelasticity is found in all
non-integrable models studied, which supports the general belief that the existence of pure
multi-solitons is tightly related to integrability. We refer the reader to the more extended
discussions in [40, 4, 32].
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In this paper, we prove the existence of a solution of (1.1) which shows the inelastic nature
of the collision of any two solitons, except the special case of same scaling and opposite signs.
Theorem 1.1. For k ∈ {1, 2}, let λ∞k > 0, y∞k ∈ R5, ǫk ∈ {±1}, ℓk ∈ R5 with |ℓk| < 1, and
W∞k (t, x) =
ǫk
(λ∞k )
3
2
Wℓk
(
x− ℓkt− y∞k
λ∞k
)
.
Assume that ℓ1 6= ℓ2 and
ǫ1 = ǫ2 or λ
∞
1 6= λ∞2 . (1.4)
Then, there exists a solution u of (1.1) in the energy space such that
(i) Two-soliton as t→ +∞
lim
t→+∞ ‖∇t,xu(t)−∇t,x (W
∞
1 (t) +W
∞
2 (t))‖L2 = 0.
(ii) Dispersion as t→ −∞. There exists C > 0 such that, for all A > 0 large enough,
lim inf
t→−∞ ‖∇u(t)‖L2(|x|>|t|+A) ≥ CA
− 5
2 . (1.5)
The solution constructed in Theorem 1.1 is a two-soliton asymptotically as t→ +∞ and it
does not necessarily exist for all t ∈ R. However, by finite speed of propagation and small data
Cauchy theory, it is straightforward to justify that it can be extended uniquely as a solution
of (1.1) for all t ∈ R in the region |x| > |t| + A, provided that A is large enough. Thus,
the limit in (1.5) makes sense (see §6.1 for details). Since the estimate (1.5) gives an explicit
lower bound on the loss of energy as dispersion as t→ −∞, the solution u is not a two-soliton
asymptotically as t→ −∞ and the collision is inelastic. Note that the two-soliton could have
any global behavior, like dislocation of the solitons and dispersion, blow-up or a different
multi-soliton plus radiation, but the property that we obtain is universal and independent
of the behavior on compact sets. Note also that the only case left open by Theorem 1.1
corresponds, up to scaling and Lorentz invariance (and up to irrelevant translations), to the
dipole case, i.e. limt→+∞ ‖u(t)−Wℓ(x− ℓt) +W−ℓ(x+ ℓt)‖H˙1 = 0, for some ℓ ∈ R5, |ℓ| < 1.
We expect that a similar dispersion phenomenon takes place but possibly at lower order due
to cancellation of the tail asymptotics by symmetry.
In the case of K solitons with K ≥ 3, existence of an asymptotic multi-soliton at +∞ still
holds for collinear speeds from [35]. Applying the same strategy, inelasticity is proved under
a simple explicit non-vanishing condition which generalizes (1.4). See details in §7.
The interest of this work is twofold. A main motivation is to continue the authors’ program
on the collision of solitons for non-integrable equations. It is the first non-integrable model
for which we are able to prove inelasticity without restriction on the relative sizes or speeds
of the solitons except the dipole case ǫ1 = −ǫ2 and λ∞1 = λ∞2 . We also study the nature of
soliton collisions because of its importance in the context of the soliton resolution conjecture
for equation (1.1). A particular case of this conjecture says that any global and bounded
solution of (1.1) in the energy space should decompose as t→ +∞ as a finite sum of solitons
plus a dispersive part. This conjecture was proved in [9, 10] for the 3D radial case. In [11, 13],
the above version of the soliton resolution conjecture was proved in the non-radial case for a
sequence of times tn → +∞ in 3, 4 and 5D. We also refer to previous results of classification
in [8, 43, 25, 26] and to constructions of special solutions in [27, 19, 20, 21]. We expect that,
beyond its own interest, the full understanding of the collision problem will be a key to the
proof of the soliton resolution conjecture for the whole sequence of time.
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1.2. Outline of the proof. The strategy of the proof is to construct a refined approximate
solution of the two-soliton problem that displays an explicit dispersive radial part at the
leading order and then to propagate the dispersion for any negative time at the exterior of
large cones by finite speed of propagation and the method of channels of energy.
First, we construct a refined approximate solution to the two-soliton problem for large
t > 0 of the form ~W = ~W1 + ~W2 + ~v1 + ~v2, where ~W1 and ~W2 are two solitons with time
dependent scaling and translation parameters, and ~v1, ~v2 are correction terms improving the
simpler approximate solution used in [35]. These correction terms of size t−2 in the energy
space are solutions of non-homogeneous wave equations whose source terms are the main
order of the nonlinear interactions of size t−3 between the two solitons. In this way, ~W is
an approximate solution of the two soliton problem at order t−4. Such refined approximate
solutions were introduced in several other situations related to blow up or soliton interactions,
see e.g. [41, 39, 45, 32, 33, 34, 19, 37, 16]. In the case of the gKdV equation [34], since solitons
decay exponentially in space, the method of separation of variables applies and correction
terms have simple expressions in terms of solutions of elliptic problems. In the present paper,
this method would lead to correction terms not belonging to the energy space (see e.g. [19]).
Since the strategy is based on a close examination of the asymptotics of the approximate
solution, using cut-off to balance artificial growth cannot be successful. This is the reason
why we define ~v1, ~v2 as solutions of linear evolution problems with source terms. Now, ~v1 and
~v2 are much less explicit but they belong to the energy space and their asymptotics contain
the desired information. Because of the specific forms of the source terms, their equations
cannot be reduced to radial ones by the Lorentz transformation.
The next step is to compute the space asymptotics of the radial part of the approximate
solution. The main asymptotic part of ~v1, ~v2 is explicit but it turns out not to channel any
energy (as a soliton). In view of the formula of the fundamental solution of the wave equation
in 5D, it is not clear how to obtain manageable expressions for the next orders of ~v1 and ~v2.
Our strategy is to compute only the radial part of their asymptotics using spherical means
and reduction to a 1D problem. The computation reveals an explicit dispersive tail for the
radial parts of ~v1 and ~v2 for large positive times. It is remarkable that understanding only
the radial component of the approximate solution is sufficient to treat all cases of two solitons
except the dipole.
Finally, we propagate the dispersion by the method of channels of energy, which is a refined
characterization of dispersion for wave type equations introduced by Duyckaerts, Kenig and
Merle in [10]. We check that under the non-vanishing condition (1.4), summing the dispersive
tails of ~v1 and ~v2, the radial part of the approximate solution has itself a non-zero dispersive
tail for large positive times. As in [35] and several other works related to the construction of
multi-solitons (see references in §5), the two-soliton is constructed by compactness using the
approximate solution ~W. We also prove that the non-zero dispersive tail of the approximate
solution is greater than the error terms so that it is still visible in the two-soliton. The method
of channels of energy (see [10, 11, 22, 23]) then allows us to propagate the dispersion for any
negative time at the exterior of large cones. Moreover, from Theorem 2 of [12], the solution
behaves asymptotically as t→ −∞ as a non-zero solution of the linear wave equation in the
region |x| > |t|+A for A large.
We expect that our method can solve the same problem for odd space dimensions larger
than 5. The method should also extend to other wave type equations.
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1.3. Notation. The canonical basis of R5 is denoted by (e1, . . . , e5). We denote for real-
valued functions
(v, v˜) =
ˆ
vv˜, ‖v‖2L2 =
ˆ
|v|2, (v, v˜)H˙1 =
ˆ
∇v · ∇v˜, ‖v‖2
H˙1
=
ˆ
|∇v|2.
For
~v =
(
v
z
)
, ~˜v =
(
v˜
z˜
)
,
set (
~v, ~˜v
)
= (v, v˜) + (z, z˜) ,
(
~v, ~˜v
)
H˙1×L2
= (v, v˜)H˙1 + (z, z˜) .
We denote by dω the Lebesgue measure on the sphere, and by 
|y−x|=r
v(y)dω(y) =
3
8π2
r−4
ˆ
|y−x|=r
v(y)dω(y)
the average of a function v over the sphere of R5 of center x ∈ R5 and radius r > 0.
Set 〈x〉 = (1 + |x|2) 12 . Let
Λ =
3
2
+ x · ∇, Λ˜ = 5
2
+ x · ∇, Λ˜∇ = ∇Λ, ~Λ =
(
Λ˜
Λ
)
. (1.6)
When x1 is seen as a specific coordinate, denote
x = (x2, . . . , x5), ∇v = (∂x2v, . . . , ∂x5v), ∆v =
5∑
j=2
∂2xjv.
For −1 < ℓ < 1, set
(v, v˜)H˙1ℓ
= (1− ℓ2)
ˆ
(∂x1v)(∂x1 v˜) +
ˆ
∇v · ∇v˜, ‖v‖2
H˙1ℓ
= (v, v)H˙1ℓ
,
xℓ =
(
x1 − ℓt√
1− ℓ2 , x
)
, Aℓ = ∂t + ℓ∂x1 , Bℓ = ∂
2
t − ℓ2∂2x1 = A2ℓ − 2ℓ∂x1Aℓ,
Λℓ =
3
2
+ (x− ℓte1) · ∇, ∆ℓ = (1− ℓ2)∂2x1 +∆.
For γ > 0 small to be fixed later, set
ϕγ(x) = (1 + |x|2)−γ (1.7)
We recall standard Sobolev and Ho¨lder inequalities
‖u‖L10/3 . ‖u‖H˙1 , ‖u‖L10 . ‖u‖H˙2 , (1.8)ˆ
|u||v||w| 43 . ‖u‖L10/3‖v‖L10/3‖w‖4/3L10/3 . ‖u‖H˙1‖v‖H˙1‖w‖
4/3
H˙1
, (1.9)
‖uv‖L10/7 . ‖u‖L10/3‖u‖L5/2 , ‖uvw‖L10/7 . ‖u‖L10/3‖v‖L10/3‖w‖L10 . (1.10)
Acknowledgements. This work was partially supported by ERC 291214 BLOWDISOL.
This material is partly based upon work supported by the National Science Foundation under
Grant No. 0932078 000 while Y.M. was in residence at the Mathematical Sciences Research
Institute in Berkeley, California, during the Fall 2015 semester.
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2. Preliminaries
We gather in this section preliminary results on the linearized operator around W , on the
linear homogeneous and non-homogeneous wave equations in 5D, on the method of channels
of energy and on the Cauchy problem for (1.1).
2.1. Linearized operator around the soliton. Let
L = −∆− 7
3
W
4
3 , (Lv, v) =
ˆ (
|∇v|2 − 7
3
W
4
3 v2
)
,
H =
(
L 0
0 Id
)
, (H~v,~v) = (Lv, v) + ‖z‖2L2 for ~v =
(
v
z
)
.
For ~v small in the energy space, we recall the expansion of the energy
E(W + v, z) = E(W, 0) +
1
2
(H~v,~v) +O(‖v‖3
H˙1
).
Lemma 2.1 (Properties of L).
(i) Spectrum. The operator L on L2 with domain H2 is a self-adjoint operator with
essential spectrum [0,+∞), no positive eigenvalue and only one negative eigenvalue
−λ0, with a smooth radial positive eigenfunction Y ∈ S(R5). Moreover,
L(ΛW ) = L(∂xjW ) = 0, for any j = 1, . . . , 5.
(ii) Coercivity results. There exists µ > 0 such that, for γ > 0 small enough, for all
v ∈ H˙1,
(Lv, v) ≥ µ‖v‖2
H˙1
− 1
µ
{
(v,ΛW )2
H˙1
+ | (v,∇W )H˙1 |2 + (v,W )2H˙1
}
,
(Lv, v) ≥ µ‖v‖2
H˙1
− 1
µ
{
(v,ΛW )2
H˙1
+ | (v,∇W )H˙1 |2 + (v, Y )2
}
,
ˆ (
|∇v|2ϕ2γ −
7
3
W
4
3 v2
)
≥ µ
ˆ
|∇v|2ϕ2γ −
1
µ
{
(v,ΛW )2
H˙1
+ | (v,∇W )H˙1 |2 + (v, Y )2
}
.
(iii) Inversion of L. Let F ∈ H˙−1 be such that (F,ΛW ) = | (F,∇W ) | = 0. Then, there
exists a unique V ∈ H˙1 such that (V,ΛW )H˙1 = | (V,∇W )H˙1 | = 0 and LV = F .
Moreover, if F is of class Cp, p ≥ 1 and satisfies, for some 0 < δ < 1, for all α ∈ N5,
|α| ≤ p, for all x ∈ R5,
|∂αF (x)| . 〈x〉−5−δ ,
then V is of class Cp+1 and satisfies, for all α′ ∈ N5, 2 ≤ |α′| ≤ p+ 1, for all x ∈ R5,
|V (x)| . 〈x〉−3, |∇V (x)| . 〈x〉−4, |∂α′V (x)| . 〈x〉−5.
Proof. The spectral properties of L in (i) are standard and easily checked. The coercivity
properties (ii) are given respectively in [46], [8] and [35]. To prove (iii), we first define
Y⊥ = {v ∈ H˙1, (v,ΛW )H˙1 = | (v,∇W )H˙1 | = (v,W )H˙1 = 0},
Y⊥0 = {v ∈ H˙1, (v,ΛW )H˙1 = | (v,∇W )H˙1 | = 0}.
Denote MV := V + ∆−1(73W
4
3V ), so that −∆M = L. For f ∈ H˙1, by (1.9), we have
|(W 43V, f)| . ‖V ‖H˙1‖f‖H˙1 . It follows that M is continuous in H˙1. We check that the image
of Y⊥ by M is included in Y⊥. Indeed, for any V ∈ H˙1, (MV,ΛW )H˙1 = − (∆MV,ΛW ) =
SOLITON COLLISIONS FOR THE CRITICAL WAVE EQUATION 7
(V,LΛW ) = 0, similarly (MV,∇W )H˙1 = 0, and (MV,W )H˙1 = − (∆MV,W ) = (V,LW ) =
−43 (V,W )H˙1 since LW = 43∆W from ∆W + W
7
3 = 0. Moreover, M is coercive in Y⊥
from (ii), since for µ > 0, for all V ∈ Y⊥, (MV,V )H˙1 = (LV, V ) ≥ µ‖V ‖2H˙1 . Thus, for any
f ∈ Y⊥, there exists a unique V ∈ Y⊥ such that MV = f .
Let now f ∈ Y⊥0 and set f = f⊥+aW , where a is such that f⊥ ∈ Y⊥. Let V ⊥ ∈ Y⊥ be such
that MV ⊥ = f⊥. Note that by ∆W +W
7
3 = 0, one has MW =W +∆−1(73W
4
3V ) = −43W .
Let V = V ⊥ − 34aW . Then V ∈ Y⊥0 and MV = f , in particular, LV = −∆f . To conclude,
note that setting F = −∆f , the assumptions on F are equivalent to f ∈ Y⊥0 .
Now, we prove decay properties of V assuming further that F is of class Cp, for p ≥ 1 and
satisfies for some 0 < δ < 1, for all α ∈ N5, |α| ≤ p, for all x ∈ R5, |∂αF (x)| . 〈x〉−5−δ .
Write −∆V = F + 73W
4
3V . First, recall that by the explicit expression of the fundamental
solution 18π2 |x|−3 of the Laplace equation in R5 (see e.g. §2.2 of [14]), the unique (in the class
of functions going to 0 at ∞) solution U of −∆U = F in R5 is of class Cp+1 and satisfies, for
all α′ ∈ N5, 2 ≤ |α′| ≤ p+ 1, for all x ∈ R5,
|U(x)| . 〈x〉−3, |∇U(x)| . 〈x〉−4, |∂α′U(x)| . 〈x〉−5.
Second, since F ∈ L2 and W 43V ∈ L2 (by the Hardy inequality), we have V ∈ H˙2 ⊂ L10. Let
w(x) = c
ˆ
W
4
3 (x− y)V (x− y)|y|−3dy
be solution of −∆w = 73W
4
3V . Then, by Holder inequality,
|w(x)| . ‖V ‖L10
(ˆ
〈x− y〉− 409 |y|− 103 dy
) 9
10
.
Since ˆ
|y|< 1
2
〈x〉
〈x− y〉− 409 |y|− 103 dy . 〈x〉− 409
ˆ
|y|< 1
2
〈x〉
|y|− 103 dy . 〈x〉− 259 ,
and ˆ
|y|> 1
2
〈x〉
〈x− y〉− 409 |y|− 103 dy . 〈x〉− 83
ˆ
〈x− y〉− 409 |y|− 23 dy . 〈x〉− 83 ,
this gives |V (x)| . 〈x〉− 125 and thus W 43 (x)|V (x)| . 〈x〉− 325 . We bootstrap this estimate to
we find the desired estimates on V and ∇V . For estimates on ∂α′V for |α′| ≥ 2, we write
−∆(∂α′V ) = ∂α′(73W
4
3V + F ) and proceed similarly by induction on |α′| ≤ p+ 1. 
For −1 < ℓ < 1, let
Wℓ(x) =W
(
x1√
1− ℓ2 , x
)
, (1− ℓ2)∂2x1Wℓ +∆Wℓ +W
7
3
ℓ = 0,
so that u(t, x) =Wℓ (x1 − ℓt, x¯) is a solution of (1.1). Note that
E(Wℓ,−ℓ∂x1Wℓ)− ℓ2
ˆ
|∂x1Wℓ|2 = (1− ℓ2)
1
2E(W, 0).
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Let
Lℓ = −(1− ℓ2)∂2x1 −∆−
7
3
W
4
3
ℓ ,
(Lℓv, v) =
ˆ (
(1− ℓ2)|∂x1v|2 + |∇v|2 −
7
3
W
4
3
ℓ v
2
)
,
Hℓ =
(
−∆− 73W
4
3
ℓ −ℓ∂x1
ℓ∂x1 Id
)
, (Hℓ~v,~v) = (Lℓv, v) + ‖ℓ∂x1v + z‖2L2 .
Let
J =
(
0 1
−1 0
)
.
The following functions appear when studying the properties of the operators Hℓ and HℓJ
~ZΛℓ =
(
ΛWℓ
−ℓ∂x1ΛWℓ
)
, ~Z
∇j
ℓ =
(
∂xjWℓ
−ℓ∂x1∂xjWℓ
)
, ~ZWℓ =
(
Wℓ
−ℓ∂x1Wℓ
)
,
Yℓ(x) = Y
(
x1√
1− ℓ2 , x
)
, ~Z±ℓ =

(
ℓ∂x1Yℓ ±
√
λ0√
1−ℓ2Yℓ
)
e
± ℓ
√
λ0√
1−ℓ2
x1
Yℓe
± ℓ
√
λ0√
1−ℓ2
x1
 .
We recall the following result from [3] and [35].
Lemma 2.2. Let −1 < ℓ < 1.
(i) Properties of Lℓ.
Lℓ(ΛWℓ) = Lℓ(∂xjWℓ) = 0, LℓYℓ = −λ0Yℓ, LℓWℓ = −
4
3
W
7
3
ℓ .
(ii) Properties of Hℓ and HℓJ .
Hℓ ~Z
Λ
ℓ = Hℓ
~Z
∇j
ℓ = 0, Hℓ
~ZWℓ = −
4
3
(
W
7
3
ℓ
0
)
,
(
Hℓ ~Z
W
ℓ ,
~ZWℓ
)
= −4
3
ˆ
W
10
3
ℓ , −HℓJ(~Z±ℓ ) = ±
√
λ0(1− ℓ2)
1
2 ~Z±ℓ ,(
~ZΛℓ ,
~ZWℓ
)
H˙1×L2
=
(
~Z
∇j
ℓ ,
~ZWℓ
)
H˙1×L2
= 0,
(
~ZΛℓ ,
~Z±ℓ
)
=
(
~Z
∇j
ℓ ,
~Z±ℓ
)
= 0.
(iii) Coercivity. There exists µ > 0 such that, for all ~v ∈ H˙1 × L2,
(Hℓ~v,~v) ≥ µ‖~v‖2H˙1×L2 −
1
µ
{
(v,ΛWℓ)
2
H˙1ℓ
+ | (v,∇Wℓ)H˙1ℓ |
2 +
(
~v, ~Z+ℓ
)2
+
(
~v, ~Z−ℓ
)2}
,
ˆ (
|∇v|2ϕ2γ −
7
3
W
4
3
ℓ v
2 + z2ϕ2γ + 2ℓ(∂x1v)zϕ
2
γ
)
≥ µ
ˆ (|∇v|2 + z2)ϕ2γ − 1µ
{
(v,ΛWℓ)
2
H˙1
+ | (v,∇Wℓ)H˙1 |2 +
(
~v, ~Z+ℓ
)2
+
(
~v, ~Z−ℓ
)2}
.
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We extend the above notation to any ℓ ∈ R5 such that |ℓ| < 1. The function Wℓ defined
in (1.3) satisfies the equation ∆Wℓ − (ℓ · ∇)2Wℓ +W 7/3ℓ = 0. Let
Lℓ = −∆− ℓ · ∇(ℓ · ∇)− 7
3
W
4
3
ℓ , Hℓ =
(
−∆− 73W
4
3
ℓ
−ℓ · ∇
ℓ · ∇ Id
)
,
~ZΛℓ =
(
ΛWℓ
−ℓ · ∇(ΛWℓ)
)
, ~Z
∇j
ℓ =
(
∂xjWℓ
−ℓ · ∇(∂xjWℓ)
)
, ~ZWℓ =
(
Wℓ
−ℓ · ∇Wℓ
)
,
Yℓ = Y
((
1√
1− |ℓ|2 − 1
)
ℓ(ℓ · x)
|ℓ|2 + x
)
, ~Z±ℓ =

(
ℓ · ∇Yℓ ±
√
λ0√
1−|ℓ|2Yℓ
)
e
±
√
λ0√
1−|ℓ|2
(ℓ·x)
Yℓe
±
√
λ0√
1−|ℓ|2
(ℓ·x)
 .
2.2. On the linear homogeneous and non-homogeneous wave equations. For g, h ∈
S(R5), it is well-known (see, e.g. [14] §2.4) that the solution z of the homogeneous wave
equation in R× R5 {
∂2t z −∆z = 0 on R× R5,
z|t=0 = g, ∂tz|t=0 = h on R5
writes
z = cos(t
√−∆)g + sin(t
√−∆)√−∆ h
=
1
3
[(
∂
∂t
)(
1
t
∂
∂t
)(
t3
 
|y−x|=t
g(y)dω(y)
)
+
(
1
t
∂
∂t
)(
t3
 
|y−x|=t
h(y)dω(y)
)]
. (2.1)
For f ∈ S(R× R5), we define
v(t) = −
ˆ +∞
t
sin((s′ − t)√−∆)√−∆ f(s
′)ds′ =
ˆ ∞
0
sin(s
√−∆)√−∆ f(s+ t)ds
the unique solution of the non-homogeneous wave equation
∂2t v −∆v = f on R× R5
which converges to 0 in the energy norm as t→ +∞. From (2.1), one has
sin(s
√−∆)√−∆ f(s+t) =
1
3
[(
1
σ
∂
∂σ
)(
σ3
 
|y−x|=σ
f(ζ, y)dω(y)
)]
σ=s,ζ=t+s
sin(s
√−∆)√−∆ f(s+t)
=
1
3s
[
∂
∂s
(
s3
 
|y−x|=s
f(t+ s, y)dω(y)
)
− s3
 
|y−x|=s
∂tf(t+ s, y)dω(y)
]
.
Thus, integrating by parts in the variable s and then changing variable,
v(t, x) =
1
3
ˆ +∞
0
1
s
[
∂
∂s
(
s3
 
|y−x|=s
f(t+ s, y)dω(y)
)
− s3
 
|y−x|=s
∂tf(t+ s, y)dω(y)
]
ds
=
1
3
ˆ +∞
0
 
|y|=s
[
sf(t+ s, x+ y)− s2∂tf(t+ s, x+ y)
]
dω(y)ds. (2.2)
Now, we prove estimates on v assuming bounds on f , Aℓf and A
2
ℓf .
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Lemma 2.3 (Bounds for the non-homogeneous wave equation). Let −1 < ℓ < 1, q ≥ 2 and
p > 2. Let f be a smooth function such that, for all (t, x) ∈ (1,+∞)× R5,
|Amℓ f(t, x)| . t−(q+m)〈xℓ〉−p for m = 0, 1, 2. (2.3)
Let v be given by (2.2). Then, for all (t, x) ∈ (1,+∞) × R5,
• if q = 2 and 2 < p < 5,
|v(t, x)| . (t+ 〈xℓ〉)−2〈xℓ〉−(p−2) log
(
2 +
〈xℓ〉
t
)
,
|∇v(t, x)| . (t+ 〈xℓ〉)−1t−1〈xℓ〉−(p−1),
• if q > 2 and 2 < p < 5,
|v(t, x)| . (t+ 〈xℓ〉)−2t−(q−2)〈xℓ〉−(p−2),
|∇v(t, x)| . (t+ 〈xℓ〉)−1t−(q−1)〈xℓ〉−(p−1),
• if q ≥ 2 and p = 5,
|v(t, x)| . (t+ 〈xℓ〉)−2t−(q−2)〈xℓ〉−3 log(1 + 〈xℓ〉),
|∇v(t, x)| . (t+ 〈xℓ〉)−1t−(q−1)〈xℓ〉−4 log(1 + 〈xℓ〉),
• if q ≥ 2 and p > 5,
|v(t, x)| . (t+ 〈xℓ〉)−2t−(q−2)〈xℓ〉−3,
|∇v(t, x)| . (t+ 〈xℓ〉)−1t−(q−1)〈xℓ〉−4.
Remark 2.4. Note the particular space-time decay properties of v: e.g. in the case q > 2
and 2 < p < 5, we have |v| . t−q〈xℓ〉−(p−2) and |v| . t−(q−2)〈xℓ〉−p on (1,+∞)× R5.
Proof of Lemma 2.3. We set ℓ = ℓe1. First, we claim that for (t, x) ∈ (1,+∞)× R5,
|v(t, x)| . J(t, x− ℓt) where J(t, a) =
ˆ
|y|−3(t+ |y|)−q〈a+ y − ℓ|y|〉−pdy (2.4)
|∇v(t, x)| . K(t, x− ℓt) where K(t, a) =
ˆ
|y|−4(t+ |y|)−q〈a+ y − ℓ|y|〉−pdy. (2.5)
Proof of (2.4). From (2.2), v writes
v(t, x) =
1
8π2
ˆ +∞
0
ˆ
|y|=s
[
sf(t+ s, x+ y)− s2∂tf(t+ s, x+ y)
]
dω(y)s−4ds
=
1
8π2
ˆ [|y|−3f(t+ |y|, x+ y)− |y|−2∂tf(t+ |y|, x+ y)] dy.
Set g(t, x, y) = f(t+ |y|, x+ y). Since
∂y1g(t, x, y) =
y1
|y|∂tf(t+ |y|, x+ y) + ∂x1f(t+ |y|, x+ y)
and, using the definition of Aℓ, ∂tf = Aℓf − ℓ∂x1f , we obtain(
1− ℓ y1|y|
)
∂tf(t+ |y|, x+ y) = Aℓf(t+ |y|, x+ y)− ℓ∂y1g(t, x, y).
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Thus, integrating by parts,
8π2v(t, x) =
ˆ [
|y|−3f(t+ |y|, x+ y) + ℓ∂y1g(t, x, y) −Aℓf(t+ |y|, x+ y)|y|(|y| − ℓy1)
]
dy
=
ˆ
[k(y)f(t+ |y|, x+ y)− h(y)Aℓf(t+ |y|, x+ y)] dy,
where h(y) = 1|y|(|y|−ℓy1) and k(y) = |y|−3 − ℓ∂y1h(y). We note that 1|y|(|y|−ℓy1) . |y|−2 and∣∣∣∂y1 ( 1|y|(|y|−ℓy1))∣∣∣ . |y|−3 on R5. Thus, using (2.3),
|v(t, x)| .
ˆ
|y|−3|f(t+ |y|, x+ y)|dy +
ˆ
|y|−2|Aℓf(t+ |y|, x+ y)|dy
.
ˆ [
|y|−3(t+ |y|)−q + |y|−2(t+ |y|)−(q+1)
]
〈x+ y − ℓ(t+ |y|)〉−pdy . J(x− ℓt).
Proof of (2.5). For j = 1, . . . , 5, we have
8π2∂xjv(t, x) =
ˆ [
k(y)∂xjf(t+ |y|, x+ y)− h(y)(∂xjAℓf)(t+ |y|, x+ y)
]
dy,
As before,
∂yjg(t, x, y) =
yj
|y|∂tf(t+ |y|, x+ y) + ∂xjf(t+ |y|, x+ y)
=
yj
|y|Aℓf(t+ |y|, x+ y)− ℓ
yj
|y|∂x1f(t+ |y|, x+ y) + ∂xjf(t+ |y|, x+ y).
In particular, for j = 1, we obtain
∂x1f(t+ |y|, x+ y) = |y| (|y| − ℓy1)−1
(
∂y1g(t, x, y) −
y1
|y|Aℓf(t+ |y|, x+ y)
)
and next, for all j = 1, . . . , 5,
∂xjf(t+ |y|, x+ y) = ∂yjg(t, x, y) +
ℓyj
|y| − ℓy1∂y1g(t, x, y) −
yj
|y| − ℓy1Aℓf(t+ |y|, x+ y).
Integrating by parts, we obtain
ˆ
k(y)∂xjf(t+ |y|, x+ y)dy = −
ˆ
∂yjk(y)f(t+ |y|, x+ y)dy
− ℓ
ˆ
∂y1
(
k(y)yj
|y| − ℓy1
)
f(t+ |y|, x+ y)dy −
ˆ
k(y)yj
|y| − ℓy1Aℓf(t+ |y|, x+ y)dy.
Note that |∂yjk(y)| . |y|−4,
∣∣∣∂y1 ( k(y)yj|y|−ℓy1)∣∣∣ . |y|−4 and ∣∣∣ k(y)yj|y|−ℓy1 ∣∣∣ . |y|−3. Thus, using (2.3),∣∣∣∣ˆ k(y)∂xjf(t+ |y|, x+ y)dy∣∣∣∣ . ˆ |y|−4|f(t+ |y|, x+ y)|dy+ ˆ |y|−3|Aℓf(t+ |y|, x+ y)|dy
.
ˆ [
|y|−4(t+ |y|)−q + |y|−3(t+ |y|)−(q+1)
]
〈x+ y − ℓ(t+ |y|)〉−pdy . K(x− ℓt).
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Proceeding similarly, we have
ˆ
h(y)(∂xjAℓf)(t+ |y|, x+ y)dy = −
ˆ
∂yjh(y)Aℓf(t+ |y|, x+ y)dy
− ℓ
ˆ
∂y1
(
h(y)yj
|y| − ℓy1
)
Aℓf(t+ |y|, x+ y)dy −
ˆ
h(y)yj
|y| − ℓy1A
2
ℓf(t+ |y|, x+ y)dy.
Note that |∂xjh(y)| . |y|−3,
∣∣∣∂y1 ( h(y)yj|y|−ℓy1)∣∣∣ . |y|−3 and ∣∣∣ h(y)yj|y|−ℓy1 ∣∣∣ . |y|−2. Thus, using (2.3),∣∣∣∣ˆ h(y)(∂xjAℓf)(t+ |y|, x+ y)dy∣∣∣∣
.
ˆ
|y|−3|Aℓf(t+ |y|, x+ y)|dy +
ˆ
|y|−2|A2ℓf(t+ |y|, x+ y)|dy . K(x− ℓt).
Now, we estimate J(t, a). We split J as follows
J =
ˆ
|y|< 1
4
〈a〉
+
ˆ
1
4
〈a〉<|y|< 2
1−ℓ
〈a〉
+
ˆ
|y|> 2
1−ℓ
〈a〉
= J1 + J2 + J3.
First, we observe that if |y| < 14〈a〉 then |y− ℓ|y|| < 2|y| < 12〈a〉 and thus 〈a+ y− ℓ|y|〉 & 〈a〉.
It follows that
J1 . 〈a〉−p
ˆ
|y|< 1
4
〈a〉
|y|−3(t+ |y|)−qdy . t−(q−2)〈a〉−p
ˆ
|z|< 1
4t
〈a〉
|z|−3(1 + |z|)−qdz.
For all b > 0, we have
ˆ
|z|<b
|z|−3(1 + |z|)−qdz .
ˆ b
0
r(1 + r)−qdr .
{
b2(1 + b2)−1 log(2 + b) if q = 2,
b2(1 + b2)−1 if q > 2.
Thus, we have, for any p > 2,
J1 .
 (t+ 〈a〉)
−2〈a〉−(p−2) log
(
2 +
〈a〉
t
)
if q = 2,
(t+ 〈a〉)−2t−(q−2)〈a〉−(p−2) if q > 2.
Second, we observe that
J2 . (t+ 〈a〉)−q〈a〉−3
ˆ
1
4
〈a〉<|y|< 2
1−ℓ
〈a〉
〈a+ y − ℓ|y|〉−pdy.
We change variable z = ϕ(y) = a+ y − ℓ|y|. Since |Dϕ(y)| = 1− ℓ y1|y| ≥ 1− ℓ and
|y| < 2
1− ℓ〈a〉 implies |z| ≤ 〈a〉+
2(1 + ℓ)
1− ℓ 〈a〉 ≤
4
1− ℓ〈a〉,
we obtain, for any q ≥ 2,
J2 . (t+ 〈a〉)−q〈a〉−3
ˆ
|z|≤ 4
1−ℓ
〈a〉
〈z〉−pdz .

(t+ 〈a〉)−q〈a〉−(p−2) if p < 5,
(t+ 〈a〉)−q〈a〉−3 log(1 + 〈a〉) if p = 5,
(t+ 〈a〉)−q〈a〉−3 if p > 5.
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Third, for |y| > 21−ℓ〈a〉, we have |a+y−ℓ|y|| ≥ |y|− (ℓ|y|+ |a|) ≥ (1− ℓ)|y|− |a| ≥ 12(1− ℓ)|y|,
and so, for any q ≥ 2, p > 2,
J3 .
ˆ
|y|> 2
1−ℓ
〈a〉
|y|−3−p(t+ |y|)−qdy . (t+ 〈a〉)−q〈a〉−(p−2).
The estimates on v(t, x) follow from gathering the above estimates on J1, J2 and J3.
Finally, we estimate K(t, a). We split K as follows
K =
ˆ
|y|< 1
4
〈a〉
+
ˆ
1
4
〈a〉<|y|< 2
1−ℓ
〈a〉
+
ˆ
|y|> 2
1−ℓ
〈a〉
= K1 +K2 +K3.
First, as before,
K1 . 〈a〉−p
ˆ
|y|< 1
4
〈a〉
|y|−4(t+ |y|)−qdy . t−(q−1)〈a〉−p
ˆ
|z|< 1
4t
〈a〉
|z|−4(1 + |z|)−qdz.
For all b > 0, q ≥ 2, we have ´|z|<b |z|−4(1 + |z|)−qdz .
´ b
0 (1 + r)
−qdr . b(1 + b)−1. Thus, we
have, for any q ≥ 2, p > 2, K1 . (t+ 〈a〉)−1t−(q−1)〈a〉−(p−1). Second, we observe that
K2 . (t+ 〈a〉)−q〈a〉−4
ˆ
1
4
〈a〉<|y|< 2
1−ℓ
〈a〉
〈a+ y − ℓ|y|〉−pdy,
and thus, proceeding as before for J2, we obtain, for any q ≥ 2,
K2 . (t+ 〈a〉)−q〈a〉−4
ˆ
|z|≤ 4
1−ℓ
〈a〉
〈z〉−pdz .

(t+ 〈a〉)−q〈a〉−(p−1) if p < 5,
(t+ 〈a〉)−q〈a〉−4 log(1 + 〈a〉) if p = 5,
(t+ 〈a〉)−q〈a〉−4 if p > 5.
Third, for any q ≥ 2, p > 2,
K3 .
ˆ
|y|> 2
1−ℓ
〈a〉
|y|−4−p(t+ |y|)−qdy . (t+ 〈a〉)−q〈a〉−(p−1).
The estimates on ∇v(t, x) follow from gathering the above estimates on K1, K2 and K3. 
2.3. Spherical means and reduction to 1D. We recall a standard property of spherical
means of general solutions of the linear wave equation (see e.g. [14], §2.2 and §2.4), both in
the homogeneous and non-homogeneous cases.
Lemma 2.5. Let uL(t, x) be solution of the 5D linear wave equation. Then, the radial function
UL(t, x) =
 
|y|=|x|
uL(t, y)dω(y)
also satisfies the 5D linear wave equation. For f ∈ S(R × R5), let v(t, x) be given by (2.2)
and
V (t, x) =
 
|y|=|x|
v(t, x)dω(x), F (t, x) =
 
|y|=|x|
f(t, x)dω(x).
Then,
V (t) =
ˆ ∞
0
sin(s
√−∆)√−∆ F (s+ t)ds. (2.6)
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Remark 2.6. Note that for U(r) =
ffl
|y|=r u(t, x)dω(x), the following holdˆ
u2 =
8π2
3
ˆ +∞
0
U2(r)r4dr,
ˆ
|∇u|2 ≥ 8π
2
3
ˆ +∞
0
(∂rU)
2(r)r4dr. (2.7)
Now, we recall a standard reduction of radial 5D to 1D in the non-homogeneous case.
Lemma 2.7 (Reduction to 1D). Let F ∈ S(R×R5) be a radial function and V be the radial
function defined by (2.6). Let
h(t, r) = r2∂rF (t, r) + 3rF (t, r) and φ(t, r) = r
2∂rV (t, r) + 3rV (t, r).
Then,
φ(t, r) =
1
2
ˆ +∞
0
ˆ r+σ
|r−σ|
h(t+ σ, a)dadσ.
Remark 2.8. Note that φ satisfies a non-homogeneous wave equation with zero Dirichlet
conditions at r = 0. We refer to computations in §2.4 of [14].
2.4. Channels of energy. We recall a result on channels of energy for the linear radial wave
equation in 5D from [23] (see also [9] and [22] for any odd space dimension).
Proposition 2.9 ([23], Proposition 4.1). There exists a constant C > 0 such that any radial
energy solution UL of the 5D linear wave equation{
∂2t UL −∆UL = 0, (t, x) ∈ [0,∞) × R5,
UL|t=0 = U0 ∈ H˙1, ∂tUL|t=0 = U1 ∈ L2,
satisfies, for any R > 0, either
lim inf
t→−∞
ˆ
|x|>|t|+R
|∂tUL(t, x)|2 + |∇UL(t, x)|2dx ≥ C‖π⊥R(U0, U1)‖2(H˙1×L2)(|x|>R)
or
lim inf
t→+∞
ˆ
|x|>|t|+R
|∂tUL(t, x)|2 + |∇UL(t, x)|2dx ≥ C‖π⊥R(U0, U1)‖2(H˙1×L2)(|x|>R)
where π⊥R(U0, U1) denotes the orthogonal projection of (U0, U1)
T onto the complement of the
plane
span
{
(|x|−3, 0)T, (0, |x|−3)T
}
in (H˙1 × L2)(|x| > R).
Remark 2.10. Part of the proof of Proposition 4.1 in [23] relies on reduction to 1D and on
the fact that for a radial function f on R5, and R > 0, the function f˜(x) = f(x) − R3|x|3f(R)
is the orthogonal projection perpendicular to |x|−3 in H˙1(|x| > R) and so
‖π⊥R(f, 0)‖2(H˙1×L2)(|x|>R) = ‖f˜‖2H˙1(|x|>R) =
ˆ +∞
R
(f˜ ′(r))2r4dr
=
ˆ +∞
R
(f ′(r))2r4dr − 3R3f2(R) =
ˆ +∞
R
(
r2f ′(r) + 3rf(r)
)2
dr.
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Remark 2.11. It follows from the proof of Proposition 4.1 in [23] that there exists c > 0
such that if
lim sup
t→+∞
ˆ
|x|>|t|+R
|∂tUL(t, x)|2 + |∇UL(t, x)|2dx ≤ c‖π⊥R(U0, U1)‖2(H˙1×L2)(|x|>R),
then, for some C > 0,
lim inf
t→−∞
ˆ
|x|>|t|+R
|∂tUL(t, x)|2dx ≥ C‖π⊥R(U0, U1)‖2(H˙1×L2)(|x|>R)
and
lim inf
t→−∞
ˆ
|x|>|t|+R
|∇UL(t, x)|2dx ≥ C‖π⊥R(U0, U1)‖2(H˙1×L2)(|x|>R).
2.5. Lorentz transform. For β ∈ R5 with |β| < 1, the Lorentz transform of parameter β
of a function u(t, x) is defined by
uβ(t, x) = u
(
t− βx√
1− |β|2 , x− xβ +
xβ − βt√
1− |β|2
)
, xβ =
β
|β|
(
x · β|β|
)
.
In particular, it β = βe1, then the Lorentz transform of u(t, x) is given simply by
uβ(t, x) = u
(
t− βx√
1− β2 ,
x− βt√
1− β2 , x¯
)
.
Let −1 < ℓ < 1 and −1 < β < 1 and set ℓ˜ = ℓ+β1+ℓβ . Then the soliton wℓ(t, x) =Wℓ(x− ℓe1t) is
transformed into the soliton wℓ˜(t, x) = Wℓ˜(x − ℓ˜e1t) by the Lorentz transform of parameter
βe1. Moreover, if −1 < ℓ1 < ℓ2 < 1, then −1 < ℓ˜1 < ℓ˜2 < 1. Indeed, the Lorentz transform
of wℓ(t, x) =Wℓ(x− ℓe1t) of parameter βe1 writes
w˜(t, x) = wℓ
(
t− βx√
1− β2 ,
x− βt√
1− β2 , x¯
)
=W
(
1
1− ℓ2
(
x1 − βt√
1− β2 − ℓ
(
t− βx1√
1− β2
))
, x¯
)
=W
(
1 + βℓ√
(1− β2)(1 − ℓ2)
(
x1 − β + ℓ
1 + βℓ
t
)
, x¯
)
= wℓ˜(t, x).
For the second statement, we note that for fixed β ∈ (−1, 1), dℓ˜dℓ = 1−β
2
(1+ℓβ)2
> 0, and ℓ˜ → −1
as ℓ→ −1 and ℓ˜→ 1 as ℓ→ 1.
2.6. On the nonlinear wave equation. We recall from Lemma 2.1 and Theorem 2.7 of [24]
(see also references therein) the following fact concerning small solutions of equation (1.1).
Proposition 2.12 (Cauchy problem for small data in R × R5). There exists δ0 > 0 such
that for any (u0, u1)
T ∈ H˙1 × L2 with ‖(u0, u1)‖H˙1×L2 ≤ δ0, the unique global solution ~u =
(u, ∂tu)
T ∈ C(R, H˙1×L2) of (1.1) with initial data (u0, u1) satisfies supt∈R2 ‖~u(t)‖H˙1×L2 . δ0.
Moreover, if ~uL = (uL, ∂tuL)
T is the global solution of the linear wave equation ∂2t uL−∆uL = 0
with initial data (u0, u1) ∈ H˙1 × L2, then
sup
t∈R
‖~u(t)− ~uL(t)‖H˙1×L2 . ‖(u0, u1)‖
7
3
H˙1×L2 .
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3. Non-homogeneous linearized problem related to soliton interaction
Following the sketch of proof given in §1.2, we study a non-homogeneous linearized wave
equation related to the interaction of two solitons. We prove the existence of an approximate
solution to this problem and then prove sharp asymptotic properties.
3.1. Approximate solution to a non-homogeneous linearized equation. Let −1 <
ℓ < 1 and F , G be defined by
F =W
4
3 + κℓΛW, G = ℓ(1− ℓ2)−
1
2κℓ∂x1ΛW, κℓ = −(1− ℓ2)
(W
4
3 ,ΛW )
‖ΛW‖2
L2
> 0. (3.1)
Set
wℓ(t, x) =W (xℓ), Fℓ(t, x) = F (xℓ), Gℓ(t, x) = G(xℓ), xℓ =
(
x1 − ℓt√
1− ℓ2 , x
)
.
Lemma 3.1. There exists a smooth function vℓ such that, for all 0 < δ < 1 and all t ≥ 1,
‖(vℓ, ∂tvℓ)(t)‖H˙1×L2 . t−2, ‖vℓ(t)‖L2 . t−
3
2
+δ, ‖Eℓ(t)‖L2 . t−4+δ, (3.2)
where
Eℓ = ∂2t vℓ −∆vℓ −
7
3
w
4
3
ℓ vℓ − fℓ − gℓ, fℓ = t−3Fℓ, gℓ = t−2Gℓ.
Moreover, for all m ≥ 0, |α| = 1, |α′| ≥ 2, t ≥ 1, x ∈ R5,
|Amℓ vℓ(t, x)| . (t+ 〈xℓ〉)−1t−(1+m)〈xℓ〉−2+δ,
|Amℓ ∂αvℓ(t, x)| . (t+ 〈xℓ〉)−1t−(1+m)〈xℓ〉−3+δ,
|Amℓ ∂α
′
vℓ(t, x)| . (t+ 〈xℓ〉)−1t−(1+m)〈xℓ〉−4+δ,
(3.3)
and
|Amℓ Eℓ(t, x)| . t−(4+m)+δ〈xℓ〉−3, |Amℓ ∂αEℓ(t, x)| . t−(4+m)+δ〈xℓ〉−4,
|Amℓ ∂α
′Eℓ(t, x)| . t−(4+m)+δ〈xℓ〉−5.
(3.4)
Remark 3.2. In contrast with the strategy used in [34] for the gKdV equation, we do not
construct an approximate solution vℓ of the equation Eℓ = 0 simply by separation of variables.
Indeed, the decay properties in space of such approximate solution would not be sufficient
for our needs. Rather, we solve alternatively the linear wave equation ∂2t v −∆v = K1, and
the elliptic equation Lv = K2, for various functions K1 and K2. For the linear wave equation
we use the estimates of Lemma 2.3, see also Remark 2.4. For the elliptic equation, we use
Lemma 2.1. Because of the existence of a non-trivial kernel for the operator L, specific
relations on F and G are needed. To state them precisely, we introduce
D0 = x1ΛW, Dj = x1∂xjW, LD0 = −2∂x1ΛW, LDj = −2∂x1∂xjW.
We note that the following relations hold, for j = 1, . . . , 5,
(G,ΛW ) = (G, ∂xjW ) = 〈G,Dj〉 = 0, (F, ∂xjW ) = 0
(F, ∂x1W ) = 2ℓ(1 − ℓ2)−
1
2 (G,D1).
(3.5)
Indeed, first, for j = 1, . . . , 5,
(∂x1ΛW,ΛW ) = (∂x1W,∂x1ΛW ) = (∂x1ΛW,∂xjW ) = (∂x1ΛW,Dj) = 0.
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Moreover, for j = 1, . . . , 5, (F, ∂xjW ) = 0. Now, we compute (F,ΛW ) and (G,D0)
(F,ΛW ) = (W
4
3 ,ΛW ) + κℓ‖ΛW‖2L2 ,
2(G,D0) = 2κℓℓ(1− ℓ2)−
1
2 (∂x1ΛW,x1ΛW ) = −κℓℓ(1− ℓ2)−
1
2 ‖ΛW‖2L2 .
Thus, the condition (F,ΛW ) = 2ℓ(1− ℓ2)− 12 (G,D0) is equivalent to
(W
4
3 ,ΛW ) = −κℓ‖ΛW‖2L2(1 + ℓ2(1− ℓ2)−1) = −
κℓ
1− ℓ2 ‖ΛW‖
2
L2
which is indeed the definition of κℓ. We define the operator Lℓ by
LℓGℓ = −(1− ℓ2)∂2x1Gℓ − ∆¯Gℓ −
7
3
w
4
3
ℓ Gℓ so that LℓGℓ = (LG) (xℓ) .
Proof of Lemma 3.1. Approximate solution at order t−2. First, following §2.2, we set
v1(t) =
ˆ ∞
0
sin(s
√−∆)√−∆ gℓ(s+ t)ds.
Note that for m ≥ 0, Amℓ v1 satisfies
(Amℓ v1)(t) =
ˆ ∞
0
sin(s
√−∆)√−∆ (A
m
ℓ gℓ)(s+ t)ds.
Since |Amℓ gℓ| . t−(2+m)〈xℓ〉−4, it follows from Lemma 2.3 that, for m ≥ 1,
|v1(t, x)| . (t+ 〈xℓ〉)−2〈xℓ〉−2+δ, |Amℓ v1(t, x)| . (t+ 〈xℓ〉)−2t−m〈xℓ〉−2. (3.6)
Here, and in the rest of the proof, 0 < δ < 1 is arbitrary. For m ≥ 0, |α| ≥ 1, we have
|∂αAmℓ gℓ| . t−(2+m)〈xℓ〉−5, and thus by Lemma 2.3, for m ≥ 0, |α| = 1, |α′| ≥ 2,
|∂αAmℓ v1| . (t+ 〈xℓ〉)−2t−m〈xℓ〉−3+δ, |∂α
′
Amℓ v1| . (t+ 〈xℓ〉)−1t−(m+1)〈xℓ〉−4+δ. (3.7)
Now, let
R1 =
7
3
v1w
4
3
ℓ − a1w2ℓ − b1 · ∇(w2ℓ ),
where, for j = 1, . . . , 5,
a1 =
(73v1w
4
3
ℓ ,Λℓwℓ)
(w2ℓ ,Λℓwℓ)
, b1,j =
(73v1w
4
3
ℓ , ∂xjwℓ)
(∂xj (w
2
ℓ ), ∂xjwℓ)
so that (R1,Λℓwℓ) = 0, (R1,∇wℓ) = 0. Note that by (3.6), |a1(t)|+ |b1(t)| . t−2. Next, since
a˙1 =
(73Aℓv1, w
4
3
ℓ Λℓwℓ)
(w2ℓ ,Λℓwℓ)
,
by (3.6), we have |a˙1| . t−3 and similarly, |b˙1| . t−3. More generally,
∣∣∣dma1dtm ∣∣∣+∣∣∣dmb1dtm ∣∣∣ . t−2−m.
Thus, using (3.6) and (3.7), we obtain, for all α ∈ N5, |∂αR1| . t−2〈xℓ〉−6+δ. Moreover, by
direct computations,
Amℓ R1 =
7
3
(Amℓ v1)w
4
3
ℓ −
dma1
dtm
w2ℓ −
dmb1
dtm
· ∇(w2ℓ ).
Using (3.6) and (3.7) again, we obtain, for all m ≥ 0, α ∈ N5, |∂αAmℓ R1| . t−2−m〈xℓ〉−6+δ .
From (iii) of Lemma 2.1, there exists v2 solution of Lℓv2 = R1, satisfying, for |α| = 1, |α′| ≥ 2,
(v2,Λℓwℓ) = 0, (v2,∇wℓ) = 0,
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and
|v2| . t−2〈xℓ〉−3, |∂αv2| . t−2〈xℓ〉−4, |∂α′v2| . t−2〈xℓ〉−5.
Next, we see that, for all m ≥ 1,
0 =
dm
dtm
(v2,Λℓwℓ) = (A
m
ℓ v2,Λℓwℓ),
and similarly, (Amℓ v2,∇W (xℓ)) = 0. We also observe that for all m ≥ 0,
Lℓ(Amℓ v2) = Amℓ (Lℓv2) = Amℓ R1.
Thus, by (iii) of Lemma 2.1, for all m ≥ 0, |α| = 1, |α′| ≥ 2,
|Amℓ v2| . t−2−m〈xℓ〉−3, |∂αAmℓ v2| . t−2−m〈xℓ〉−4 |∂α
′
Amℓ v2| . t−2−m〈xℓ〉−5. (3.8)
We see that v1 + v2 satisfies(
∂2t −∆−
7
3
w
4
3
ℓ
)
(v1 + v2) = gℓ +Bℓv2 − a1w2ℓ − b1 · ∇(w2ℓ ), (3.9)
which also rewrites (since ∂2t −∆ = Bℓ −∆ℓ),
Lℓ(v1 + v2) = gℓ −Bℓv1 − a1w2ℓ − b1 · ∇w2ℓ . (3.10)
Estimates at order t−3. First, from (3.10), using the orthogonality relations (G,ΛW ) = 0
and (G,∇W ) = 0, we claim that, for any m ≥ 0,∣∣∣∣dma1dtm
∣∣∣∣+ ∣∣∣∣dmb1dtm
∣∣∣∣ . t−3−m, (3.11)
improving by a factor t−1 the previous estimates on a1 and b1.
Proof of (3.11). For m ≥ 0, by direct computations from (3.10), we have
Lℓ (Amℓ (v1 + v2)) = Amℓ gℓ −Bℓ(Amℓ v1)−
dma1
dtm
w2ℓ −
dmb1
dtm
· ∇(w2ℓ ) (3.12)
We project this estimate on Λwℓ and ∂xjwℓ. First, note that A
m
ℓ gℓ =
dm
dt (t
−2)Gℓ, and since
(G,ΛW ) = 0 and (G, ∂xjW ) = 0, one has
(Amℓ gℓ,Λℓwℓ) = 0, (A
m
ℓ gℓ,∇wℓ) = 0.
Next, since LΛW = 0 and L∇W = 0, one has Lℓ(Λℓwℓ) = 0 and Lℓ(∇wℓ) = 0. Thus
(Lℓ (Amℓ (v1 + v2)) ,Λℓwℓ) = 0, (Lℓ (Amℓ (v1 + v2)) ,∇wℓ) = 0.
Now, we estimate (BℓA
m
ℓ v1,Λℓwℓ). Since Bℓ = A
2
ℓ − 2ℓ∂x1Aℓ,
(BℓA
m
ℓ v1,Λℓwℓ) = (A
m+2
ℓ v1,Λℓwℓ) + 2ℓ〈Am+1ℓ v1, ∂x1Λwℓ).
By (3.6),
|(Am+2ℓ v1,Λℓwℓ)| . t−m−4+δ, |(Am+1ℓ v1, ∂x1Λwℓ))| . t−m−3.
Thus, |(BℓAmℓ v1,Λwℓ)| . t−m−3, and similarly, |(BℓAmℓ v1,∇wℓ)| . t−m−3. Projecting (3.12)
on Λwℓ and ∇wℓ and gathering the above estimates, we find (3.11).
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Again by ∂2t −∆ = Bℓ −∆ℓ and Bℓ = A2ℓ − 2ℓ∂x1Aℓ, we rewrite (3.9) as follows
Bℓ(v1 + v2) + Lℓ(v1 + v2) = gℓ + E1 +R2 (3.13)
where
E1 = A2ℓv2, R2 = −2ℓ∂x1Aℓv2 − a1w2ℓ − b1 · ∇(w2ℓ ).
From (3.8), we have, for m ≥ 0, |α| = 1, |α′| ≥ 2,
|Amℓ E1| . t−4−m〈xℓ〉−3, |∂αAmℓ E1| . t−4−m〈xℓ〉−4 |∂α
′
Amℓ E1| . t−4−m〈xℓ〉−5. (3.14)
In particular, since ∂t = Aℓ − ℓ∂x1 ,
|Amℓ ∂tE1| . t−5−m〈xℓ〉−3 + t−4−m〈xℓ〉−4,
|Amℓ ∂t∂αE1| . t−5−m〈xℓ〉−4 + t−4−m〈xℓ〉−5, |Amℓ ∂t∂α
′E1| . t−4−m〈xℓ〉−5.
Similarly, from (3.8) and (3.11), for m ≥ 0, |α| ≥ 1, we have
|Amℓ R2| . t−3−m〈xℓ〉−4, |∂αAmℓ R2| . t−3−m〈xℓ〉−5. (3.15)
Now, we claim, for j = 1, . . . , 5, m ≥ 0,
dm
dtm
(R2,Λℓwℓ) = − d
m+1
dtm+1
(t−2)〈G,D0〉+O(t−m−4+δ),
dm
dtm
(R2, ∂xjwℓ) = O(t
−m−4+δ).
(3.16)
Proof of (3.16). From (3.13), we have
A2ℓ (v1 + v2)− 2ℓ∂x1(Aℓ(v1 + v2)) + Lℓ(v1 + v2) = gℓ + E1 +R2, (3.17)
A3ℓ (v1 + v2)− 2ℓ∂x1(A2ℓ (v1 + v2)) + Lℓ(Aℓ(v1 + v2)) = Aℓgℓ +AℓE1 +AℓR2. (3.18)
First, we project (3.17) on Λℓwℓ. We have (gℓ,Λℓwℓ) = 0, and by (3.14), |(E1,Λℓwℓ)| . t−4.
By (3.6) and (3.8) (using also that |ΛW (x)| . 〈x〉−3),
|(A2ℓ (v1 + v2),Λℓwℓ)| . t−4+δ.
Therefore, we have obtained
|(R2,Λℓwℓ) + 2ℓ(∂x1(Aℓ(v1 + v2)),Λℓwℓ)| . t−4+δ. (3.19)
In a similar way (using |∂xjW (x)| . 〈x〉−4), we find for j = 1, . . . , 5,∣∣(R2, ∂xjwℓ) + 2ℓ(∂x1(Aℓ(v1 + v2)), ∂xjwℓ)∣∣ . t−4.
Now, we compute (∂x1(Aℓ(v1+v2)),Λℓwℓ) and (∂x1(Aℓ(v1+v2)), ∂xjwℓ) from (3.18). Recall
that we set D0 = x1ΛW and LD0 = −2∂x1ΛW . We cannot project equation (3.18) directly
on D0(xℓ) because we only know |A3ℓv2| . t−5〈xℓ〉−3, |D0| . 〈x〉−2 and 〈x〉−5 6∈ L1(R5). Thus,
we consider χ˜(x) = χ˜(|x|) a smooth cut-off function such that
χ˜ ≡ 1 on [−1, 1], χ˜ ≡ 0 on [−2, 2]c, 0 ≤ χ˜ ≤ 1 on R,
and we set
Dℓ(t, x) = D0 (xℓ) , D˜ℓ(t, x) = Dℓ(t, x)χ˜
( xℓ
t10
)
.
We project (3.18) on D˜ℓ. By (3.6), |(A3ℓv1, D˜ℓ)| . t−4+δ, and by (3.8), |(A3ℓv2, D˜ℓ)| .
t−5 log t . t−5+δ. Also, by (3.6)-(3.8), |(∂x1A2ℓ (v1 + v2), D˜ℓ)| . t−4+δ. Next,
〈Lℓ(Aℓ(v1 + v2)), D˜ℓ〉 = 〈Aℓ(v1 + v2),LℓDℓ〉 − 〈Aℓ(v1 + v2),Lℓ
[(
1− χ˜
( xℓ
t10
))
Dℓ
]
〉.
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Note that (Aℓ(v1+v2),LℓDℓ) = (Aℓ(v1+v2), (LD0)(xℓ)) = −2(1−ℓ2) 12 (Aℓ(v1+v2), ∂x1Λℓwℓ).
Next,
Lℓ
[(
1− χ˜
( xℓ
t10
))
Dℓ
]
=
(
1− χ˜
( xℓ
t10
))
LℓDℓ − t−20∆ℓχ˜
( xℓ
t10
)
Dℓ
− 2t−10(1− ℓ2)∂x1 χ˜
( xℓ
t10
)
(∂x1Dℓ)− 2t−10∇¯χ˜
( xℓ
t10
)
· ∇¯Dℓ
so that ∣∣∣Lℓ [(1− χ˜( xℓ
t10
))
Dℓ
]∣∣∣ . |xℓ|−41|xℓ|>t10 + t−10|xℓ|−21t10<|xℓ|<2t10 .
Thus, ∣∣∣(Aℓ(v1 + v2),Lℓ [(1− χ˜( xℓ
t10
))
Dℓ
]
)
∣∣∣ . t−10.
Next, since (Aℓgℓ)(t, x) = −2t−3Gℓ, we have
(Aℓgℓ, D˜ℓ) = −2t−3(Gℓ,Dℓ) +O(t−4) = −2(1− ℓ2)
1
2 t−3〈G,D0〉+O(t−4).
Moreover, by (3.14)-(3.15),
|〈AℓE1, D˜ℓ〉| . t−5
ˆ
|xℓ|<2t10
〈xℓ〉−3〈xℓ〉−2dx . t−5+δ,
and
|〈AℓR2, D˜ℓ〉| . t−4
ˆ
|xℓ|<2t10
〈xℓ〉−4〈xℓ〉−2dx . t−4.
Thus, the projection of (3.18) on D˜ℓ gives
−2(∂x1(Aℓ(v1 + v2)),Λℓwℓ) = 2(Aℓ(v1 + v2), ∂x1(Λℓwℓ)) = 2t−3(G,D0) +O(t−4+δ).
Inserted in (3.19), it gives
(R2,Λℓwℓ) = 2ℓt
−3(G,D0) +O(t−4+δ).
To obtain the estimate on (R2, ∂xjwℓ), for j = 1, . . . 5, we compute (Aℓ(v1+v2), ∂x1∂xjwℓ). We
use Dj(x) = x1∂xjW (x), so that LDj = −2∂x1∂xjW . We proceed as before, projecting (3.18)
on Dj(xℓ). The computations are similar and easier because of the better decay properties of
Dj (the cut-off function χ˜ is no longer needed). The proof of (3.16) for m ≥ 1 is similar and
it is omitted.
Approximate solution at order t−3. Set
v3(t) =
ˆ ∞
0
sin(s
√−∆)√−∆ (fℓ −R2)(s+ t)ds.
We see that fℓ satisfies (2.3) with q = 3 and p = 3. From (3.15), the function R2 satisfies (2.3)
with q = 3 and p = 4. Thus, from Lemma 2.3, for m ≥ 0,
|Amℓ v3| . (t+ 〈xℓ〉)−2t−1−m〈xℓ〉−1. (3.20)
Moreover, from (3.15) and Lemma 2.3, for |α| = 1, |α′| ≥ 2, m ≥ 0,
|Amℓ ∂αv3| . (t+ 〈xℓ〉)−2t−1−m〈xℓ〉−2, |Amℓ ∂α
′
v3| . (t+ 〈xℓ〉)−2t−1−m〈xℓ〉−3+δ . (3.21)
By construction, v3 verifies
Bℓv3 + Lℓv3 = fℓ −R2 − 7
3
w
4
3
ℓ v3 (3.22)
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and v1 + v2 + v3 satisfies(
∂2t −∆−
7
3
w
4
3
ℓ
)
(v1 + v2 + v3) = gℓ + fℓ + E1 − 7
3
w
4
3
ℓ v3.
As before, set, for j = 1, . . . , 5,
a3 =
(73v3w
4
3
ℓ ,Λℓwℓ)
(w2ℓ ,Λwℓ)
, b3,j =
(73v3w
4
3
ℓ , ∂xjwℓ)
(∂xj (w
2
ℓ ), ∂xjwℓ)
Let
R3 =
7
3
v3w
4
3
ℓ − a3w2ℓ − b3 · ∇(w2ℓ ),
so that R3 satisfies (R3,Λℓwℓ) = 0 and (R3,∇wℓ) = 0. By the decay properties of v3,
|Amℓ R3| . t−3−m+δ〈xℓ〉−5−δ and |Am∂αR3| . t−3−m〈xℓ〉−6 for all α ∈ N5 with |α| ≥ 1. Thus,
from (iii) of Lemma 2.1, there exists v4 solution of Lℓv4 = R3, satisfying, for |α| = 1, |α′| ≥ 2
and m ≥ 0,
(v4,Λℓwℓ) = 0, (v4,∇wℓ) = 0,
|Amℓ v4| . t−3−m+δ〈xℓ〉−3, |∂αAmℓ v4| . t−3−m+δ〈xℓ〉−4, |∂α
′
Amℓ v4| . t−3−m+δ〈xℓ〉−5.
In particular, E2 = Bℓv4 = A2ℓv4 − 2ℓ∂x1Aℓv4 satisfies, for all m ≥ 0,
|Amℓ E2| . t−4−m+δ〈xℓ〉−3, |Amℓ ∂αE2| . t−4−m+δ〈xℓ〉−4, |Amℓ ∂α
′E2| . t−4−m+δ〈xℓ〉−5.
Let vℓ = v1 + v2 + v3 + v4 satisfy(
∂2t −∆−
7
3
w
4
3
ℓ
)
vℓ = gℓ + fℓ + Eℓ,
where Eℓ = E1 + E2 + E3 and E3 = −a3w2ℓ − b3 · ∇(w2ℓ ).
Estimates at order t−4. We claim that, for m ≥ 0,∣∣∣∣dma3dtm
∣∣∣∣+ ∣∣∣∣dmb3dtm
∣∣∣∣ . t−4−m+δ . (3.23)
Proof of (3.23). By the estimate on v3, we only have |a3(t)|+|b3(t)| . t−3+δ. We project (3.22)
on Λℓwℓ. As before, (Lℓv3,Λℓwℓ) = 0. Next, recall that Bℓv3 = A2ℓv3 − 2ℓ∂x1Aℓv3 and,
using (3.20)-(3.21), we have
|(A2ℓv3,Λwℓ)| . t−4+δ, |(∂x1Aℓv3,Λwℓ)| = |(Aℓv3, ∂x1Λℓwℓ)| . t−4+δ.
Now, using (3.16) and then (3.5), we compute
(fℓ −R2,Λℓwℓ) = t−3(1− ℓ2)
1
2 (F,ΛW )− 2ℓt−3(G,D0) +O(t−4+δ) = O(t−4+δ).
This is enough to obtain the estimate (3.23) on a3. The estimate on b3 is proved similarly
using (3.16). For m ≥ 1, apply Amℓ to (3.22), so that
BℓA
m
ℓ v3 + Lℓ(Amℓ v3) = Amℓ fℓ −Amℓ R2 −
7
3
Amℓ (w
4
3
ℓ v3),
then project on Λℓwℓ (or ∇wℓ) and use (3.16) to find (3.23).
As a consequence of (3.23), we obtain, for |α| = 1, |α′| ≥ 2 and m ≥ 0,
|Amℓ E3| . t−4−m+δ〈xℓ〉−6, |Amℓ ∂αE3|+ |Amℓ ∂α
′E3| . t−4−m+δ〈xℓ〉−7.
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Conclusion. Gathering the estimates on v1, v2, v3 and v4, we obtain
|Amℓ vℓ| . (t+ 〈xℓ〉)−2t−m〈xℓ〉−2+δ + t−(2+m)〈xℓ〉−3 + (t+ 〈xℓ〉)−2t−(1+m)〈xℓ〉−1,
so that
|Amℓ vℓ| . t−(2+m)〈xℓ〉−2+δ, |Amℓ vℓ| . t−(1+m)〈xℓ〉−3+δ.
Moreover, for |α| = 1,
|Amℓ ∂αvℓ| . t−(2+m)〈xℓ〉−3+δ, |Amℓ ∂αvℓ| . t−(1+m)〈xℓ〉−4+δ ,
and for |α′| ≥ 2,
|Amℓ ∂α
′
vℓ| . t−(2+m)〈xℓ〉−4+δ, |Amℓ ∂α
′
vℓ| . t−(1+m)〈xℓ〉−5+δ.
Note that time estimates on vℓ are easily obtained from (3.3) using ∂tv = Aℓvℓ − ℓ∂x1vℓ. For
example, we have
|Amℓ ∂tvℓ| . |Am+1ℓ vℓ|+ |Amℓ ∂x1vℓ| . t−(2+m)〈xℓ〉−3+δ. (3.24)
Gathering the estimates on E1, E2 and E3, we find, for |α| = 1, |α′| ≥ 2 and m ≥ 0,
|Amℓ Eℓ| . t−4−m+δ〈xℓ〉−3, |Amℓ ∂αEℓ| . t−4−m+δ〈xℓ〉−4, |Amℓ ∂α
′Eℓ| . t−4−m+δ〈xℓ〉−5.
In particular, this proves ‖Eℓ‖L2 . t−4+δ, which is the estimate of Eℓ in (3.2). 
3.2. Asymptotics of solutions of non-homogeneous problems. To obtain explicitely
the main order of the asymptotics of the radial part of the approximate solution vℓ constructed
in Lemma 3.1, we consider a simplified problem as |x| → +∞. For −1 < ℓ < 1 and t > 0, let
f ♯ℓ (t, x) = t
−3〈xℓ〉−3, g♯ℓ = ℓt−2∂x1〈xℓ〉−3
and
v♯ℓ(t) =
ˆ ∞
0
sin(s
√−∆)√−∆
(
f ♯ℓ + g
♯
ℓ
)
(t+ s)ds. (3.25)
Lemma 3.3 (Asymptotics for a non-homogeneous wave problem). For any 0 < δ < 1, for
all m ≥ 0, |α| = 1, |α′| ≥ 2, t > 1, x ∈ R5,
|Amℓ v♯ℓ(t, x)| . (t+ 〈xℓ〉)−1t−(1+m)〈xℓ〉−2+δ,
|Amℓ ∂αv♯ℓ(t, x)| . (t+ 〈xℓ〉)−1t−(1+m)〈xℓ〉−3+δ,
|Amℓ ∂α
′
v♯ℓ(t, x)| . (t+ 〈xℓ〉)−1t−(1+m)〈xℓ〉−4+δ.
(3.26)
Moreover, for r > 0, t > 1, let
φℓ(t, r) = r
2∂rV
♯
ℓ (t, r) + 3rV
♯
ℓ (t, r), V
♯
ℓ (t, r) =
 
|x|=r
v♯ℓ(t, x)dω(x). (3.27)
Then, for all 1≪ t < r 1112 ,
φℓ(t, r) = (1− ℓ2)
1
2 r−3 +O(r−1t−
9
4 ). (3.28)
The first part of Lemma 3.3 is a consequence of Lemma 2.3 and the decay properties of
the functions f ♯ℓ and g
♯
ℓ. The second part is proved in Appendix A. Note that we do not
determine the asymptotic behavior of v♯ℓ, but only the one of its spherical means.
Now, we check that the asymptotics of vℓ defined in Lemma 3.1 and of v
♯
ℓ defined in
Lemma 3.3 coincide at the main order, up to a multiplicative constant.
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Lemma 3.4 (Comparison of asymptotics). Let −1 < ℓ < 1. For all 0 < δ < 1, t > 1, x ∈ R5,∣∣∣∣vℓ(t, x) + 32(15) 32κℓv♯ℓ(t, x)
∣∣∣∣ . t−2〈xℓ〉−3+δ,∣∣∣∣∇vℓ(t, x) + 32(15) 32κℓ∇v♯ℓ(t, x)
∣∣∣∣ . t−2〈xℓ〉−4+δ. (3.29)
Proof. By the properties of vℓ in Lemma 3.1, we have
vℓ(t) +
3
2
(15)
3
2κℓv
♯
ℓ(t) =
ˆ ∞
0
sin(s
√−∆)√−∆
(Eℓ + E Iℓ + E IIℓ ) (s+ t)ds
where Eℓ is defined in Lemma 3.1 and
E Iℓ = fℓ + gℓ +
3
2
(15)
3
2κℓ
(
f ♯ℓ + g
♯
ℓ
)
and E IIℓ =
7
3
w
4
3
ℓ vℓ.
First, we see from (3.4) that Eℓ satisfies (2.3) with q = 4− δ and p = 3. Therefore, applying
Lemma 2.3,∣∣∣∣ˆ ∞
0
sin(s
√−∆)√−∆ Eℓ(s + t)ds
∣∣∣∣ . t−2+δ〈xℓ〉−1(t+ 〈xℓ〉)−2 . t−2〈xℓ〉−3+δ.
Second, we observe from the explicit expression of W
ΛW (x) = −3
2
(15)
3
2 〈x〉−3 +O(〈x〉−5), ∂x1(ΛW )(x) = −
3
2
(15)
3
2∂x1(〈x〉−3) +O(〈x〉−6).
In particular, by the definitions of fℓ and gℓ, we have
|Amℓ E Iℓ | . t−3−m〈xℓ〉−4 + t−2−m〈xℓ〉−6.
Applying Lemma 2.3 with q = 3, p = 4 and q = 2, p = 6, we obtain∣∣∣∣ˆ ∞
0
sin(s
√−∆)√−∆ E
I
ℓ(s+ t)ds
∣∣∣∣ . (t+ 〈xℓ〉)−2 (t−1〈xℓ〉−2 + 〈xℓ〉−3) . t−2〈xℓ〉−3.
Third, from (3.3) and the properties of wℓ, E IIℓ satisfies (2.3) with q = 2, p = 6− δ. Thus, by
Lemma 2.3, ∣∣∣∣ˆ ∞
0
sin(s
√−∆)√−∆ E
II
ℓ (s+ t)ds
∣∣∣∣ . t−2〈xℓ〉−3.
This proves the estimate on vℓ +
3
2(15)
3
2κℓv
♯
ℓ. The estimate for the gradient is similar. 
4. Refined approximate solution for the two-soliton problem
For k = 1, 2, let
λ∞k > 0, y
∞
k ∈ R5, ǫk = ±1, ℓk = ℓke1, where −1 ≤ ℓ1 < ℓ2 < 1.
Indeed, by rotation invariance and the Lorentz transformation, we restrict ourselves without
loss of generality to the case where ℓk = ℓk e1, with ℓk ∈ (−1, 1) for k = 1, 2. See more details
in §5 of [35].
Let C0 ≫ 1 and T0 ≫ 1 to be fixed and I ⊂ [T0,+∞) be an interval of R. For k = 1, 2, we
consider C1 functions λk > 0, yk ∈ R5 defined on I. We assume that these functions satisfy,
for all t ∈ I,
|λk(t)− λ∞k |+ |yk(t)− y∞k | ≤ C0t−1, |λ˙k|+ |y˙k| ≤ C0t−2. (4.1)
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For ~G = (G,H), define
(θkG)(t, x) =
ǫk
λ
3
2
k (t)
G
(
x− ℓkt− yk(t)
λk(t)
)
, ~θk ~G =
 θkGθk
λk
H
 , ~˜θk ~G =
 θkλkG
θkH
 .
In particular, set
Wk = θkWℓk , Xk = −ℓk · ∇Wk, ~Wk =
(
Wk
Xk
)
. (4.2)
Define also
(θ∞k G)(t, x) =
ǫk
(λ∞k )
3
2
G
(
x− ℓkt− y∞k
λ∞k
)
, ~θ∞k ~G =
 θ
∞
k G
θ∞k
λ∞k
H
 ,
W∞k = θ
∞
k Wℓk , X
∞
k = −ℓk · ∇W∞k , ~W∞k =
(
W∞k
X∞k
)
.
4.1. Main interaction terms. Expanding the nonlinearity |u| 43u at u = W1 + W2, we
identify the two main order interaction terms of the form t−3
∑
k ck|Wk|
4
3 . The remaining
error term is of size t−4.
Lemma 4.1. For k, k′ = 1, 2, k 6= k′, let
σk,k′ =
(
1√
1− |ℓk′ |2
− 1
)
ℓk′(ℓk′ · (ℓk − ℓk′))
|ℓk′ |2 + ℓk − ℓk
′ ,
and ck =
7
3(15)
3
2 ǫk′(λ
∞
k′ )
3
2 |σk,k′|−3. Then,∣∣∣∣∣∑
k
Wk
∣∣∣∣∣
4
3
(∑
k
Wk
)
−
∑
k
|Wk|
4
3Wk = t
−3∑
k
ck|Wk|
4
3 +RΣ,
where, for all t ∈ I,
‖RΣ‖H1 . t−4. (4.3)
Remark 4.2. Lemma 4.1 holds for general ℓk, ℓk′ . For the special case ℓk = ℓke1 and
ℓk′ = ℓk′e1, we obtain
σ1,2 =
ℓ1 − ℓ2
(1− ℓ22)
1
2
e1, σ2,1 =
ℓ2 − ℓ1
(1− ℓ21)
1
2
e1, (4.4)
and
c1 =
7
3
(15)
3
2 ǫ2(λ
∞
2 )
3
2
(1− ℓ22)
3
2
|ℓ1 − ℓ2|3 , c2 =
7
3
(15)
3
2 ǫ1(λ
∞
1 )
3
2
(1− ℓ21)
3
2
|ℓ1 − ℓ2|3 . (4.5)
Proof of Lemma 4.1. Let σ = 110 |ℓ1 − ℓ2| and Bk(t) = {x, |x − ℓkt| ≤ σt}, B(t) = ∪kBk(t).
We prove the L2 estimate of RΣ, the proof of the H˙
1 estimate is similar. First, we claim
‖W
7
3
k ‖L2(Bck) . t
−4, ‖W
4
3
k ‖L2(Bck) . t
−1.
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Indeed, for all x 6∈ Bk,
|Wk|
7
3 . 〈x− ℓkt〉−7 . t−4〈x− ℓkt〉−3, |Wk|
4
3 . 〈x− ℓkt〉−4 . t−1〈x− ℓkt〉−3,
and x 7→ 〈x〉−3 ∈ L2(R5).
Second, we claim, for k, k′ = 1, 2, k′ 6= k,∥∥∥∥|W1 +W2| 43 (W1 +W2)− |Wk| 43Wk − 73 |Wk| 43Wk′
∥∥∥∥
L2(Bk)
. t−
9
2 . (4.6)
Indeed, for x ∈ Bk and k′ 6= k, |Wk| 13 |Wk′ |2 . t−6〈x− ℓkt〉−1, |Wk′ | 73 . t−7, and so∥∥∥|Wk| 13 |Wk′ |2∥∥∥
L2(Bk)
+
∥∥∥|Wk′ | 73∥∥∥
L2(Bk)
. t−
9
2 .
Thus, (4.6) follows from the Taylor expansion
|Wk +Wk′ |
4
3 (Wk +Wk′) = |Wk|
4
3 Wk
∣∣∣∣1 + Wk′Wk
∣∣∣∣ 43 (1 + Wk′Wk
)
= |Wk|
4
3Wk +
7
3
|Wk|
4
3 Wk′ +O
(
|Wk|
1
3 |Wk′ |2
)
+O
(
|Wk′ |
7
3
)
.
Third, we claim, k′ 6= k,∥∥∥|Wk| 43 (Wk′(t, x)−Wk′(t, ℓkt))∥∥∥
L2(Bk)
. t−4. (4.7)
Indeed, for x ∈ Bk,
|Wk′(t, x)−Wk′(t, ℓkt)| . sup
Bk
|∇Wk′(t)| · |x− ℓkt| . t−4|x− ℓkt|,
and so,
|Wk|
4
3 |Wk′(t, x)−Wk′(t, ℓkt)| . t−4〈x− ℓkt〉−3,
which implies (4.7).
Last, note from the explicit expression (1.2) of W the following asymptotics for |x| ≫ 1,
|W (x) − 15 32 |x|−3| . |x|−5. Thus, using the assumptions of the parameters (4.1) and the
definition of Wk′ from (1.3) and (4.2), we have
Wk′(t, ℓkt) =
ǫk′
λ
3
2
k′(t)
Wℓk′
(
(ℓk − ℓk′)t− yk′(t)
λk′(t)
)
=
ǫk′
(λ∞k′ )
3
2
Wℓk′
(
(ℓk − ℓk′)t
λ∞k′
)
+O(t−4)
=
ǫk′
(λ∞k′ )
3
2
W
(
σk,k′t
λ∞k′
)
+O(t−4) = 15
3
2 ǫk′(λ
∞
k′ )
3
2 |σk,k′|−3t−3 +O(t−4).
Gathering these estimates, we find (4.3). 
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4.2. The approximate solution ~W. To remove the main interaction terms c1t
−3|W1| 43 and
c2t
−3|W2| 43 computed in Lemma 4.1, we define suitably rescaled versions of the function vℓk
given by Lemma 3.1. Let
vk(t, x) =
1
λ3k
vℓk
(
t
λk
,
x− yk
λk
)
, (4.8)
zk(t, x) =
1
λ4k
(∂tvℓk)
(
t
λk
,
x− yk
λk
)
+
κℓkǫk
2λ
1
2
k t
2
ΛkWk(t, x) (4.9)
and
~vk =
(
vk
zk
)
, κℓk = −(1− ℓ2k)
(W
4
3 ,ΛW )
‖ΛW‖2
L2
, ak = −ckκℓkǫk
2
.
Set
~W =
(
W
X
)
=
∑
k=1,2
(
~Wk + ck~vk
)
. (4.10)
Lemma 4.3. Assume (4.1). Then, the function ~W satisfies on I × R5{
∂tW = X−ModW −RW
∂tX = ∆W+ |W|
4
3W−ModX −RX
(4.11)
where Λk =
3
2 + (x− ℓkt− yk) · ∇,
ModW =
∑
k
 λ˙k
λk
− ak
λ
1
2
k t
2
ΛkWk +∑
k
y˙k · ∇Wk
ModX = −
∑
k
 λ˙k
λk
− ak
λ
1
2
k t
2
 (ℓk · ∇)ΛkWk −∑
k
(y˙k · ∇)(ℓk · ∇)Wk,
~R =
(
RW
RX
)
, ‖~R‖H˙1×L2 + ‖∇~R‖H˙1×L2 . t−4+δ. (4.12)
Moreover, for all 0 < δ < 1,
|W|+ 〈x− ℓkt〉|∇W| .
∑
k
(
〈x− ℓkt〉−3 + t−1〈x− ℓkt〉−3+δ
)
,
|X| .
∑
k
(
〈x− ℓkt〉−4 + t−2〈x− ℓkt〉−3+δ
)
.
(4.13)
Proof. Proof of (4.13). The estimates (4.13) on W and X are consequences of the decay
of the function W and of the estimates (3.3) of vℓ. See also (3.24) for estimates on time
derivatives.
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Equation of ~vk. We claim that ~vk satisfies the following system
∂tvk = zk − κℓkǫk
2t2λ
1
2
k
ΛkWk +OH˙1∩H˙2(t
−4)
∂tzk = ∆vk +
7
3
|Wk|
4
3 vk +
1
t3
|Wk|
4
3 +
κℓkǫk
2t2λ
1
2
k
(ℓk · ∇)ΛkWk +OH1
(
t−4+δ
) (4.14)
First, note that
∂tvk(t, x) =
1
λ4k
(∂tvℓk)
(
t
λk
,
x− yk
λk
)
− 3 λ˙k
λ4k
vℓk
(
t
λk
,
x− yk
λk
)
− λ˙k
λ4k
t
λk
(∂tvℓk)
(
t
λk
,
x− yk
λk
)
− λ˙k
λ4k
(
x− yk
λk
)
· ∇vℓk
(
t
λk
,
x− yk
λk
)
− y˙k
λ4k
· ∇vℓk
(
t
λk
,
x− yk
λk
)
.
Thus, by the definition of zk in (4.9) and using the notation Aℓ = ∂t + ℓ∂x1 , we obtain
∂tvk(t, x) = zk − κℓkǫk
2λ
1
2
k t
2
ΛkWk − 3 λ˙k
λ4k
vℓk
(
t
λk
,
x− yk
λk
)
− λ˙k
λ4k
t
λk
Aℓkvℓk
(
t
λk
,
x− yk
λk
)
− λ˙k
λ4k
(
x− ℓkt− yk
λk
)
· ∇vℓk
(
t
λk
,
x− yk
λk
)
− y˙k
λ4k
· ∇vℓk
(
t
λk
,
x− yk
λk
)
.
By (4.1) and (3.3), we obtain the first line of (4.14).
For the second line, we compute using the definition of zk,
∂tzk =
1
λ5k
(∂2t vℓk)
(
t
λk
,
x− yk
λk
)
− y˙k
λ5k
· ∇∂tvℓk
(
t
λk
,
x− yk
λk
)
− 4 λ˙k
λ5k
∂tvℓk
(
t
λk
,
x− yk
λk
)
− λ˙k
λ5k
t
λk
Aℓk∂tvℓk
(
t
λk
,
x− yk
λk
)
− λ˙k
λ5k
(
x− ℓt− yk
λk
)
· ∇∂tvℓk
(
t
λk
,
x− yk
λk
)
− κℓkǫk
t3λ
1
2
k
ΛkWk − κℓkǫkℓk
2t2λ
1
2
k
∂x1ΛkWk −
κℓkǫk
2t2λ
1
2
k
λ˙k
λk
(
1
2
ΛkWk + Λ
2
kWk
)
− κℓkǫkℓk
2t2λ
1
2
k
y˙k · ∇ΛkWk
Thus, as before, by (4.1) and (3.3) (see also (3.24))
∂tzk =
1
λ5k
(∂2t vℓk)
(
t
λk
,
x− yk
λk
)
− κℓkǫk
t3λ
1
2
k
ΛWk − κℓkǫkℓk
2t2λ
1
2
k
∂x1ΛkWk +OH1(t
−4+δ).
Therefore, inserting now (3.2) for vℓk ,
∂tzk =
1
λ5k
(∆vℓk)
(
t
λk
,
x− yk
λk
)
+
7
3
1
λ3k
|Wk|
4
3 vℓk
(
t
λk
,
x− yk
λk
)
+
1
t3
|Wk| 43 + κℓkǫk
λ
1
2
k
ΛkWk

+
κℓkǫkℓk
t2λ
1
2
k
∂x1ΛWk −
κℓkǫk
t3λ
1
2
k
ΛkWk − κℓkǫkℓk
2t2λ
1
2
k
∂x1ΛWk +OH1(t
−4+δ),
which gives the second line of (4.14).
Equation of ~W. By direct computations, we check
∂tWk = −ℓk · ∇Wk − λ˙k
λk
ΛkWk − y˙k · ∇Wk.
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Thus, using also (4.14),
∂tW = X−ModW +OH˙1∩H˙2(t−4). (4.15)
Moreover, using (1.6) and (4.14)
∂tX = −∂t
(∑
k
ℓk · ∇Wk
)
+
∑
k
ck∂tzk
=
∑
k
(ℓk · ∇)2Wk +
∑
k
 λ˙k
λk
+
ckκℓkǫk
2λ
1
2
k t
2
 (ℓk · ∇)ΛkWk +∑
k
(y˙k · ∇)(ℓk · ∇)Wk
+
∑
k
ck
(
∆vk +
7
3
|Wk|
4
3 vk + t
−3|Wk|
4
3
)
+OH1(t
−4+δ)
Note that (ℓk · ∇)2Wk = ∆Wk + |Wk| 43Wk, and thus ∂tX = ∆W + |W| 43W −ModX −RX
with
RX = |W|
4
3W −
∑
k
|Wk|
4
3Wk − t−3
∑
k
ck|Wk|
4
3 − 7
3
∑
k
ck|Wk|
4
3 vk +OH1(t
−4+δ).
Note that RX = Rv +RΣ +OH1(t
−4+δ) where
Rv = |W|
4
3W −
∣∣∣∑Wk∣∣∣ 43 (∑Wk)− 7
3
∑
ck|Wk|
4
3 vk,
and from Lemma 4.1, ‖RΣ‖H1 . t−4. Now, we prove ‖Rv‖H1 . t−4+δ. We decompose
Rv =
∣∣∣∑Wk + ckvk∣∣∣ 43 (∑Wk + ckvk)− ∣∣∣∑Wk∣∣∣ 43 (∑Wk)− 7
3
∣∣∣∑Wk∣∣∣ 43 (∑ ckvk)
+
7
3
∑(
ckvk
(
|W1 +W2|
4
3 − |Wk|
4
3
))
.
First, we observe from (3.3)∣∣∣∣∣∣∣∑Wk + ckvk∣∣∣ 43 (∑Wk + ckvk)− ∣∣∣∑Wk∣∣∣ 43 (∑Wk)− 73 ∣∣∣∑Wk∣∣∣ 43 (∑ ckvk)
∣∣∣∣
.
∑
|vk|2 . t−4
∑
〈x− ℓkt〉−4+δ
and so this term is OH1(t
−4). Second, we estimate vk
(
|W1 +W2|
4
3 − |Wk| 43
)
for k = 1, 2.
For |x− ℓ1t| ≤ |ℓ1−ℓ2|10 t, using (3.3), we have∣∣∣v1 (|W1 +W2| 43 − |W1| 43)∣∣∣ . |v1||W2|(|W1| 13 + |W2| 13) . t−4|W1|1−δ (|W1| 13 + |W2| 13) .
For |x− ℓ1t| > |ℓ1−ℓ2|10 t, also using (3.3), we have∣∣∣v1 (|W1 +W2| 43 − |W1| 43)∣∣∣ . t−4+δ (|W1| 43 + |W2| 43) .
The same holds for the term v2
(
|W1 +W2|
4
3 − |W2| 43
)
and we obtain ‖Rv‖H1 . t−4+δ. 
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5. Refined construction of a two-soliton solution
To construct the two-soliton solution at +∞, we follow the strategy of [35] using the refined
approximate solution ~W defined in the previous section. As in [35] and several other previous
papers on multiple solitons, see e.g. [38, 30, 31, 2, 3], we argue by compactness and obtain
the solution u(t) as the limit of a sequence of approximate multi-solitons un(t).
Proposition 5.1. There exist T0 > 0 and a solution u(t) of (1.1) on [T0,+∞) satisfying,
for all t ∈ [T0,+∞),
‖∇u(t)−∇W(t)‖L2 + ‖∂tu(t)−X(t)‖L2 . t−3+
1
10 (5.1)
where λk(t), yk(t) are such that, for all t ∈ [T0,+∞),
|λk(t)− λ∞k |+ |yk(t)− y∞k | . t−1. (5.2)
This section is devoted to the proof of Proposition 5.1. Since the ansatz ~W takes into
account the consequence of the main order of the interactions of the two waves, the two-
soliton solution u(t) is computed in (5.1) up to order t−3+
1
10 (the loss of the exponent 110 has
no special meaning here) to be compared with [35], where the corresponding error is of size
t−2 (see (4.9) in [35]). A computation at order t−3+
1
10 will allow us to justify the non-zero
dispersive part and thus to finish the proof of Theorem 1.1 in the next section.
Let Sn → +∞. Let ζ±k,n ∈ R small to be determined later. These free parameters cor-
respond to two exponentially stable/unstable directions for each soliton - see statements of
Proposition 5.2, Claim 5.5 and Lemma 5.8. For any large n, we consider the solution un of
∂2t un −∆un − |un|
4
3un = 0
(un(Sn), ∂tun(Sn))
T =
∑
k=1,2
(
~W∞k (Sn) + ck~vk(Sn) +
∑
±
ζ±k,n(~θ
∞
k
~Z±ℓk)(Sn)
)
(5.3)
Note that since (un(Sn), ∂tun(Sn)) ∈ H˙1 × L2, the solution ~un is well-defined in H˙1 × L2 at
least on a small interval of time around Sn.
Now, we state uniform estimates on un backwards in time up to some uniform T0 ≫ 1.
Proposition 5.2. There exist n0 > 0 and T0 > 0 such that, for any n ≥ n0, there exist
(ζ±k,n)k=1,2 ∈ R2 × R2, with ∑
k
|ζ±k,n|2 . S−7n ,
and such that the solution ~un = (un, ∂tun)
T of (5.3) is well-defined in H˙1 × L2 on the time
interval [T0, Sn] and satisfies, for all t ∈ [T0,+∞),∥∥∥~un(t)− ~Wn(t)∥∥∥
H˙1×L2
. t−3+
1
10 (5.4)
where ~Wn(t, x) = ~W (t, x; {λk,n(t)}, {yk,n(t)}) is defined in §4.2 and
|λk,n(t)− λ∞k |+ |yk,n(t)− y∞k | . t−1,
∣∣∣λ˙k,n(t)∣∣∣+ |y˙k,n(t)| . t−2. (5.5)
Moreover, ~un ∈ C([T0, Sn], H˙2 × H˙1) and satisfies, for all t ∈ [T0, Sn], ‖~un(t)‖H˙2×H˙1 . 1.
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5.1. Decomposition around ~W.
Lemma 5.3 (Properties of the decomposition). There exist T0 ≫ 1 and 0 < δ0 ≪ 1 such
that if u(t) is a solution of (1.1) which satisfies on I,∥∥∥∥∥∥~u−
∑
k=1,2
(
~W∞k + ck~vk
)∥∥∥∥∥∥
H˙1×L2
< δ0, (5.6)
then there exist C1 functions λk > 0, yk on I such that, ~ε(t) being defined by
~ε =
(
ε
η
)
, ~u =
(
u
∂tu
)
= ~W+ ~ε, (5.7)
the following hold on I, for k = 1, 2.
(i) First properties of the decomposition. For j = 1, . . . , 5,
(ε,ΛkWk)H˙1
ℓk
=
(
ε, ∂xjWk
)
H˙1
ℓk
= 0, (5.8)
|λk − λ∞k |+ |yk − y∞k |+ ‖~ε‖H˙1×L2 .
∥∥∥∥∥∥~u−
∑
k=1,2
(
~W∞k + ck~vk
)∥∥∥∥∥∥
H˙1×L2
(5.9)
(ii) Equation of ~ε.{
∂tε = η +ModW +RW
∂tη = ∆ε+ |W+ ε|
4
3 (W + ε)− |W| 43W +ModX +RX.
(5.10)
(iii) Parameter estimates. For any 0 < δ < 1,∣∣∣∣∣∣ λ˙kλk − akλ 12k t2
∣∣∣∣∣∣+ |y˙k| . ‖~ε‖H˙1×L2 + t−4+δ. (5.11)
(iv) Unstable directions. Let z±k = (~ε,
~˜
θk ~Z
±
ℓk
). Then, for any 0 < δ < 1,∣∣∣∣ ddtz±k ∓
√
λ0
λk
(1− |ℓk|2)
1
2 z±k
∣∣∣∣ . ‖~ε‖2H˙1×L2 + t−1 ‖~ε‖H˙1×L2 + t−4+δ. (5.12)
Proof. Decomposition. The existence of parameters λk and yk such that (5.8) and (5.9)
hold is proved similarly as (i) of Lemma 3.1 in [35].
Equation of ~ε. The equation of ~ε(t) is easily derived from the equation (1.1) of u
and (4.11). Indeed, first, since ε = u−W, we have
∂tε = ∂tu− ∂tW = η +X− ∂tW = η +ModW +RW.
Second, since η = ∂tu−X, we have
∂tη = ∂
2
t u− ∂tX = ∆u+ |u|
4
3u−∆W− |W| 43W +ModX +RX
= ∆ε+ |W + ε| 43 (W + ε)− |W| 43W+ModX +RX.
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We also denote
RNL = |W+ ε|
4
3 (W + ε)− |W| 43W − 7
3
∑
k
|Wk|
4
3 ε = R1 +R2,
R1 =
7
3
(
|W| 43 −
∑
k
|Wk|
4
3
)
ε, R2 = |W+ ε|
4
3 (W + ε)− |W| 43W − 7
3
|W| 43 ε,
and
~L =
(
0 1
∆ + 73
∑
k |Wk|
4
3 0
)
, ~Mod =
(
ModW
ModX
)
, ~R =
(
RW
RX
)
,
~RNL =
(
0
RNL
)
, ~R1 =
(
0
R1
)
, ~R2 =
(
0
R2
)
.
With this notation, the system (5.10) rewrites
∂t~ε = ~L~ε+ ~Mod + ~R+ ~RNL = ~L~ε+ ~Mod + ~R+ ~R1 + ~R2. (5.13)
We claim the following estimates on R1 and R2
‖R1‖
L
10
7
. t−1‖ε‖
L
10
3
, |R2| . |W|
1
3 ε2 + |ε| 73 , ‖R2‖
L
10
7
. ‖ε‖2
L
10
3
. ‖ε‖2
H˙1
. (5.14)
The estimate on R2 follows from (1.10). To prove the estimate on R1, we first recall the
inequality, for p > 1, for any reals (rk),∣∣∣∣∣∣∑ rk∣∣∣p −∑ |rk|p∣∣∣ . ∑
k′ 6=k
|rk′ ||rk|p−1 (5.15)
Therefore,∣∣∣|W| 43 −∑ |Wk| 43 ∣∣∣ . ∣∣∣∣|W| 43 − ∣∣∣∑Wk∣∣∣ 43 ∣∣∣∣+ ∣∣∣∣∣∣∣∑Wk∣∣∣ 43 −∑ |Wk| 43 ∣∣∣∣
.
(∑
|vk|
)(∑
|Wk|+ |vk|
) 1
3
+
∑
k′ 6=k
|Wk||Wk′ |
1
3 .
and thus
|R1| . |ε|
(∑
|vk|
)(∑
|Wk|+ |vk|
) 1
3
+ |ε|
∑
k′ 6=k
|Wk||Wk′ |
1
3 .
By (1.10), we obtain
‖R1‖
L
10
7
. ‖ε‖
L
10
3
(∑
‖vk‖
L
10
3
)(∑
‖Wk‖
1
3
L
10
3
+ ‖vk‖
1
3
L
10
3
)
+ ‖ε‖
L
10
3
∑
k′ 6=k
∥∥∥Wk|Wk′ | 13∥∥∥
L
5
2
.
By (3.3), we have ‖vk‖
L
10
3
. t−2. Moreover ‖Wk|Wk′ | 13 ‖
L
5
2
. t−1 is a consequence of the
following technical result.
Claim 5.4 (Claim 2 in [35]). Let 0 < r2 ≤ r1 be such that r1 + r2 > 53 . For t large, if r1 > 53
then
´ |W1|r1 |W2|r2 . t−3r2, whereas if r1 ≤ 53 then
´ |W1|r1 |W2|r2 . t5−3(r1+r2).
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Parameter estimates. Now, we derive the equations of λk and yk from the orthogonality
conditions (5.8). First,
d
dt
(ε,Λ1W1)H˙1
ℓ1
= (∂tε,Λ1W1)H˙1
ℓ1
+ (ε, ∂t (Λ1W1))H˙1
ℓ1
= 0
Thus, using the first line of (5.10), and the expression of ModW in Lemma 4.3,
0 = (η,Λ1W1)H˙1
ℓ1
− (ε, ℓ1 · ∇(Λ1W1))H˙1
ℓ1
− λ˙1
λ1
(
ε,Λ21W1
)
H˙1
ℓ1
− (ε, y˙1 · ∇Λ1W1)H˙1
ℓ1
+
 λ˙1
λ1
− a1
λ
1
2
1 t
2
 (Λ1W1,Λ1W1)H˙1
ℓ1
+ (y˙1 · ∇W1,Λ1W1)H˙1
ℓ1
+
 λ˙2
λ2
− a2
λ
1
2
2 t
2
 (Λ2W2,Λ1W1)H˙1
ℓ1
+ (y˙2 · ∇W2,Λ1W1)H˙1
ℓ1
+ (RW,Λ1W1)H˙1
ℓ1
.
By the decay properties of W , we note that∣∣∣∣(η,Λ1W1)H˙1
ℓ1
∣∣∣∣+ ∣∣∣∣(ε,∇(Λ1W1))H˙1
ℓ1
∣∣∣∣+ ∣∣∣∣(ε,Λ21W1)H˙1
ℓ1
∣∣∣∣+ ∣∣∣∣(ε,∇Λ1W1)H˙1
ℓ1
∣∣∣∣ . ‖~ε‖H˙1×L2 .
Next, (Λ1W1,Λ1W1)H˙1
ℓ1
= (1 − |ℓ1|2) 12 ‖ΛW‖2H˙1 and by parity, (∇W1,Λ1W1)H˙1ℓ1 = 0. Using
Claim 5.4, we have ∣∣∣∣(Λ2W2,Λ1W1)H˙1
ℓ1
∣∣∣∣+ ∣∣∣∣(∇W2,Λ1W1)H˙1
ℓ1
∣∣∣∣ . t−3
In conclusion, the orthogonality condition (ε,Λ1W1)H˙1
ℓ1
= 0, gives
∣∣∣∣∣∣ λ˙1λ1 − a1λ 122 t2
∣∣∣∣∣∣ . ‖~ε‖H˙1×L2 + |y˙1| ‖~ε‖H˙1×L2 + t−3
∑
k=1,2
∣∣∣∣∣∣ λ˙kλk − akλ 12k t2
∣∣∣∣∣∣+ |y˙k|
+ t−4+δ.
Using the other orthogonality conditions, we obtain
∑
k=1,2
∣∣∣∣∣∣ λ˙kλk − akλ 12k t2
∣∣∣∣∣∣+ |y˙k|

. ‖~ε‖H˙1×L2 +
(‖~ε‖H˙1×L2 + t−3) ∑
k=1,2
∣∣∣∣∣∣ λ˙kλk − akλ 12k t2
∣∣∣∣∣∣+ |y˙k|
+ t−4+δ.
Therefore, for δ0 small enough and T0 large enough, we find (5.11).
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Equations of the unstable directions. Recall that ~Z±ℓk ∈ S by their definition in §2.1.
By (5.13), we have
d
dt
z±1 =
d
dt
(
~ε, ~˜θ1 ~Z
±
ℓ1
)
=
(
∂t~ε,
~˜θ1 ~Z
±
ℓ1
)
+
(
~ε, ∂t
(
~˜θ1 ~Z
±
ℓ1
))
=
(
~L~ε, ~˜θ1 ~Z±ℓ1
)
− ℓ1
λ1
·
(
~ε,
~˜
θ1∇~Z±ℓ1
)
− λ˙1
λ1
(
~ε,
~˜
θ1~Λ~Z
±
ℓ1
)
− y˙1
λ1
·
(
~ε,
~˜
θ1∇~Z±ℓ1
)
+
(
~Mod,
~˜
θ1 ~Z
±
ℓ1
)
+
(
~R,
~˜
θ1 ~Z
±
ℓ1
)
+
(
~RNL,
~˜
θ1 ~Z
±
ℓ1
)
First, by direct computations, using (ii) of Lemma 2.2,(
~L~ε, ~˜θ1 ~Z±ℓ1
)
− ℓ1
λ1
·
(
~ε,
~˜
θ1∇~Z±ℓ1
)
=
1
λ1
(
~ε,
~˜
θ1
(
−Hℓ1J ~Z±ℓ1
))
+
(
ε, f ′(W2)(θ1Z±ℓ1,2)
)
= ±
√
λ0
λ1
(1− |ℓ1|2) 12 z±1 +
(
ε, f ′(W2)(θ1Z±ℓ1,2)
)
.
By the decay properties of ~Z±ℓ1 and Claim 5.4,∣∣∣(ε, f ′(W2)(θ1Z±ℓ1,2))∣∣∣ . t−4‖ε‖H˙1 .
Next, by (5.11),∣∣∣∣∣ λ˙1λ1
∣∣∣∣∣ ∣∣∣(~ε, ~˜θ1~Λ~Z±ℓ1)∣∣∣+
∣∣∣∣ y˙1λ1 ·
(
~ε,
~˜
θ1∇~Z±ℓ1
)∣∣∣∣ . t−1 ‖~ε‖H˙1×L2 . ‖~ε‖2H˙1×L2 + t−4+δ ‖~ε‖H˙1×L2 .
Concerning the term with ~Mod, (ii) of Lemma 2.2 yields (~θ1 ~Z
Λ
ℓ1
,
~˜
θ1 ~Z
±
ℓ1
) = (~ZΛℓ1 ,
~Z±ℓ1) = 0.
Moreover, by Claim 5.4, we have∣∣∣(~θ2 ~ZΛℓ2 , ~˜θ1 ~Z±ℓ1)∣∣∣+ ∣∣∣(~θ2 ~Z∇ℓ2 , ~˜θ1 ~Z±ℓ1)∣∣∣ . t−3,
and thus, by (5.11),∣∣∣∣∣∣ λ˙2λ2 − a2λ 122 t2
∣∣∣∣∣∣
∣∣∣(~θ2 ~ZΛℓ2 , ~˜θ1 ~Z±ℓ1)∣∣∣+
∣∣∣∣ y˙2λ2 ·
(
~θ2 ~Z
∇
ℓ2 ,
~˜θ1 ~Z
±
ℓ1
)∣∣∣∣ . t−3 ‖~ε‖H˙1×L2 .
Finally, we claim∣∣∣(~R, ~˜θ1 ~Z±ℓ1)∣∣∣+ ∣∣∣(~RNL, ~˜θ1 ~Z±ℓ1)∣∣∣ . t−4+δ + t−1‖ε‖H˙1 + ‖ε‖2H˙1 .
Indeed, from (4.12), we have |(~R, ~˜θ1 ~Z±ℓ1)| . t−4+δ. Second, by (5.14) and the decay of Y ,
|(~R1, ~˜θ1 ~Z±ℓ1)| . ‖R1‖L 107 . t
−1‖ε‖H˙1 and |(~R2, ~˜θ1 ~Z±ℓ1)| . ‖R2‖L 107 . ‖ε‖
2
H˙1
.
The computation for z±2 is the same and we obtain for k = 1, 2,∣∣∣∣ ddtz±k (t)∓
√
λ0
λk(t)
(1− |ℓk|2)
1
2 z±k (t)
∣∣∣∣ . t−4+δ + ‖~ε(t)‖2H˙1×L2 + t−1 ‖~ε(t)‖H˙1×L2 .
The proof of Lemma 5.3 is complete. 
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5.2. Bootstrap setting. We denote by BR2(r) (respectively, SR2(r)) the open ball (respec-
tively, the sphere) of R2 of center 0 and of radius r > 0, for the norm |(ξk)k| = (
∑
k=1,2 ξ
2
k)
1/2.
For t = Sn and for t < Sn as long as un(t) is well-defined in H˙
1×L2 and satisfies (5.6), we
will consider the decomposition of ~un(t) from Lemma 5.3. For simplicity of notation, we will
denote the parameters λk,n, yk,n and ~εn of this decomposition by λk, yk and ~ε.
We start with a technical result similar to Lemma 3 in [2]. This claim will allow us to
adjust the initial values of (z±k (Sn))k from the choice of ζ
±
k,n in (5.3).
Claim 5.5 (Choosing the initial unstable modes). There exist n0 > 0 and C > 0 such that, for
all n ≥ n0, for any (ξk)k∈{1,2} ∈ BR2(S−7/2n ), there exists a unique (ζ±k,n)k∈{1,2} ∈ BR2(CS−7/2n )
such that the decomposition of un(Sn) satisfies
z−k (Sn) = ξk, z
+
k (Sn) = 0, (5.16)
|λk(Sn)− λ∞k |+ |yk(Sn)− y∞k |+ ‖~ε(Sn)‖H˙1×L2 . S−7/2n . (5.17)
Sketch of the proof of Claim 5.5. The proof of existence of (ζ±k,n)k in Claim 5.5 is similar to
Lemma 3 in [2] and we omit it. Estimates in (5.17) are consequences of (5.9). 
From now on, for any (ξk)k ∈ BR2(S−7/2n ), we fix (ζ±k,n)k as given by Claim 5.5 and the
corresponding solution un of (5.3). We fix δ =
1
20 .
The proof of Proposition 5.2 is based on the following bootstrap estimates, for k = 1, 2,{ |λk(t)− λ∞k | ≤ C0t−1, |yk(t)− y∞k | ≤ C0t−1,
|z±k (t)|2 ≤ t−7, ‖~ε(t)‖H˙1×L2 ≤ t−3+
1
10 .
(5.18)
Set
T ∗ = T ∗n((ξk)k) = inf{t ∈ [T0, Sn] ; un satisfies (5.6) and (5.18) holds on [t, Sn]}. (5.19)
Note that by Claim 5.5, estimate (5.18) is satisfied at t = Sn. Moreover, if (5.18) is satisfied on
[τ, Sn] for some τ ≤ Sn then by the well-posedness theory and continuity, un(t) is well-defined
and satisfies the decomposition of Lemma 5.3 on [τ ′, Sn], for some τ ′ < τ . In particular, the
definition of T ∗ makes sense. In what follows, we will prove that there exists T0 large enough
and at least one choice of (ξk)k ∈ BR2(S−7/2n ) so that T ∗ = T0, which is enough to finish the
proof of Proposition 5.2. For this, we derive general estimates for any (ξk)k ∈ BR2(S−7/2n )
(see Lemma 5.7) and use a topological argument (see Lemma 5.8) to control the instable
directions, in order to strictly improve (5.18) on [T ∗, Sn].
As a consequence of the bootstrap estimates (5.18) and (5.11), we have, for k = 1, 2,∣∣∣∣∣∣ λ˙kλk − akλ 12k t2
∣∣∣∣∣∣+ |y˙k| . ‖~ε(t)‖H˙1×L2 + t−4+δ . t−3+ 110 .
In particular, from the expression of ModW and ModX in Lemma 4.3, for all α ∈ N5,
|∂αxModW(t)| . t−3+
1
10
∑
|Wk|1+
|α|
3 , |∂αxModX(t)| . t−3+
1
10
∑
|Wk|1+
1+|α|
3 . (5.20)
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5.3. Energy functional. One of the main points of the proof of Proposition 5.2 is to derive
suitable estimates in the energy norm that will strictly improve the bound on ‖~ε(t)‖H˙1×L2
from (5.18); the other estimates then follow easily. In this section, for brievity of notation,
we denote f(u) = |u| 43u and F (u) = 310 |u|
10
3 . For 0 < σ < ℓ2−ℓ110 small enough to be fixed, set
ℓ+1 = ℓ1 + σ(ℓ2 − ℓ1), ℓ−2 = ℓ2 − σ(ℓ2 − ℓ1), ℓ2 < ℓ¯ < 1,
and for t > 0,
Ω(t) = (ℓ+1 t, ℓ
−
2 t)× R4, ΩC(t) = R5 \ Ω(t).
We consider the continuous function χ(t, x) = χ(t, x1) defined as follows, for all t > 0,
χ(t, x) = ℓ1 for x1 ∈ (−∞, ℓ+1 t],
χ(t, x) = ℓ2 for x1 ∈ [ℓ−2 t,+∞),
χ(t, x) =
x1
(1− 2σ)t −
σ
1− 2σ (ℓ2 + ℓ1) for x1 ∈ [ℓ
+
1 t, ℓ
−
2 t].
(5.21)
In particular, 
∂tχ(t, x) = 0, ∇χ(t, x) = 0 on ΩC(t),
∂x1χ(t, x) =
1
(1− 2σ)t for x ∈ Ω(t),
∂tχ(t, x) = −x1
t
1
(1− 2σ)t for x ∈ Ω(t).
(5.22)
We define (see [36, 30, 31, 3, 35, 37] for similar functionnals)
H =
ˆ {|∇ε|2 + |η|2 − 2(F (W + ε)− F (W) − f(W)ε)}+ 2ˆ χ(∂x1ε)η,
Lemma 5.6. There exists µ > 0 such that, for all t > 1, the following hold.
(i) Bound.
|H(t)| ≤
‖~ε(t)‖2
H˙1×L2
µ
. (5.23)
(ii) Coercivity.
H(t) ≥ µ‖~ε(t)‖2
H˙1×L2 −
t−7
µ
. (5.24)
(iii) Time variation. For all 0 < δ < 1,
− d
dt
(
t2H) . t−5+ 110+δ. (5.25)
Proof of Lemma 5.6. Proof of (5.23). Since
|F (W + ε)− F (W)− f(W)ε| . |ε| 103 + |ε|2|W| 43 ,
estimate (5.23) on H follows (1.8), (1.9) and ‖~ε‖H˙1×L2 + ‖W‖H˙1 . 1.
Proof of (5.24). Set
NΩ(t) =
ˆ
Ω
(|∇ε(t)|2 + η2(t) + 2(χ(t)∂x1ε(t))η(t)) , NΩC (t) = ˆ
ΩC
(|∇ε(t)|2 + η2(t)) .
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Note that, since |χ| < ℓ,
NΩ = ℓ
ˆ
Ω
∣∣∣∣χℓ ∂x1ε+ η
∣∣∣∣2 + ˆ
Ω
|∇ε|2 +
ˆ
Ω
(
1− χ
2
ℓ
)
(∂x1ε)
2 + (1− ℓ)
ˆ
η2
≥ ℓ
ˆ
Ω
∣∣∣∣χℓ ∂x1ε+ η
∣∣∣∣2 + (1− ℓ)ˆ
Ω
(|∇ε|2 + η2) . (5.26)
We claim the following estimate, for some small γ > 0,
H(t) ≥ NΩ(t) + µNΩC (t)−
t−7
µ
− t
−4γ
µ
‖~ε‖2
H˙1×L2 −
1
µ
‖~ε‖3
H˙1×L2 . (5.27)
Note that (5.27) imples (5.24), since NΩ(t) + µNΩC (t) & ‖~ε‖H˙1×L2 . To prove (5.27), we
decompose H = f1 + f2 + f3, where
f1 =
ˆ
|∇ε|2 −
∑
k
ˆ
f ′(Wk)ε2 +
ˆ
η2 + 2
ˆ
(χ∂x1ε)η,
f2 = −2
ˆ (
F (W + ε)− F (W) − f (W) ε− 1
2
f ′ (W) ε2
)
,
f3 =
ˆ (∑
k
f ′(Wk)− f ′ (W)
)
ε2.
We claim the following estimates
f1 ≥ NΩ + µNΩC −
t−7
µ
− t
−4γ
µ
‖~ε‖2
H˙1×L2 , (5.28)
|f2|+ |f3| . ‖~ε‖3H˙1×L2 + t−1 ‖~ε‖2H˙1×L2 . (5.29)
which imply (5.27) for T0 large enough.
Proof of (5.28). For ϕγ defined in (1.7), set
ϕk(t, x) = ϕγ
(
x− ℓke1t− yk(t)
λk(t)
)
.
We decompose f1 as follows
f1 = NΩ +
∑
k
(ˆ
|∇ε|2ϕ2k −
ˆ
f ′(Wk)ε2 +
ˆ
η2ϕ2k + 2
ˆ
(χ∂x1ε)ηϕ
2
k
)
+
ˆ
ΩC
(|∇ε|2 + η2 + 2χ(∂x1ε)η)
(
1−
∑
k
ϕ2k
)
−
ˆ
Ω
(|∇ε|2 + η2 + 2χ(∂x1ε)η)
(∑
k
ϕ2k
)
+ 2
∑
k
ˆ
(χ− ℓk)(∂x1ε)ηϕ2k = NΩ + f1,1 + f1,2 + f1,3 + f1,4.
By Lemma 2.2 (iii), the orthogonality conditions on ~ε and a change of variable, we have
f1,1 ≥ µ
ˆ (|∇ε|2 + η2)(∑
k
ϕ2k
)
− 1
µ
∑
k
(
(z−k )
2 + (z+k )
2
)
.
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Thus, using (5.18),
f1,1 ≥ µ
ˆ (|∇ε|2 + η2)(∑
k
ϕ2k
)
− 1
µ
t−7 ≥ µ
ˆ
ΩC
(|∇ε|2 + η2)(∑
k
ϕ2k
)
− 1
µ
t−7.
Next, note that if x is such that ϕk(t, x) >
1
2 , then ϕ
2
k′(x) . t
−4γ for k′ 6= k. Thus, the estimate
1−∑k ϕ2k & −t−4γ holds on R. By direct computations (with the notation v+ = max(0, v)),
f1,2 = ℓ
ˆ
ΩC
∣∣∣∣χℓ ∂x1ε+ η
∣∣∣∣2
(
1−
∑
k
ϕ2k
)
+
ˆ
ΩC
|∇ε|2
(
1−
∑
k
ϕ2k
)
+
ˆ
ΩC
(
1− χ
2
ℓ
)
|∂x1ε|2
(
1−
∑
k
ϕ2k
)
+ (1− ℓ)
ˆ
ΩC
η2
(
1−
∑
k
ϕ2k
)
≥ (1− ℓ)
ˆ
ΩC
(|∇ε|2 + η2)(1−∑
k
ϕ2k
)
+
− ‖~ε‖
2
H˙1×L2
t4γ
.
Also, we see easily that |f1,3| . t−4γ ‖~ε‖2H˙1×L2 . Last, by the definition of χ in (5.21), the
decay property of ϕ and (5.18) (for a bound on yk), we have
‖(χ− ℓk)ϕk‖L∞ ≤ t−4γ .
Thus, |f1,4| . t−4γ ‖~ε‖2H˙1×L2 .
In conclusion, for some µ > 0, and T0 large enough, it holds
f1,1 + f1,2 + f1,3 + f1,4 ≥ µNΩC −
1
µ
t−7 − t−4γ ‖~ε‖2
H˙1×L2 .
Proof of (5.29). Using (1.8), (1.9), (4.13) and (5.18), we have
|f2| .
ˆ
|ε| 103 + |ε|3|W| 13 . ‖~ε‖3
H˙1×L2 .
Last, we observe that by (5.14), |f3| . ‖R1‖
L
10
7
‖ε‖2
L
10
3
. t−1 ‖~ε‖2
H˙1×L2 .
Proof of (5.25). We decompose
d
dt
H =
ˆ
∂t
{|∇ε|2 + |η|2 − 2(F (W + ε)− F (W) − f(W)ε)}
+ 2
ˆ
χ∂t ((∂x1ε)η) + 2
ˆ
(∂tχ)(∂x1ε)η = g1 + g2 + g3.
We claim the following estimates
g1 = 2
ˆ
ε
(−∆ModW − f ′(W)ModW)+ 2ˆ ηModX
+ 2
ˆ (∑
k
ℓk∂x1Wk
)(
f(W + ε)− f(W)− f ′(W)ε) +O (t−7+ 110+δ) ,
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g2 = − 1
(1− 2σ)t
ˆ
Ω
(
η2 + (∂x1ε)
2 − |∇ε|2)
− 2
ˆ
χ
(∑
k
∂x1Wk
)(
f(W + ε)− f(W)− f ′(W)ε)
+ 2
ˆ
(χ∂x1ModW)η − 2
ˆ
εχ∂x1ModX +O
(
t−7
)
,
g3 = − 2
(1− 2σ)t
ˆ
Ω
x1
t
(∂x1ε)η.
Estimate on g1. From direct differentiation and integration by parts, we have
g1 = 2
ˆ
(∂tε) (−∆ε− (f(W+ ε)− f(W))) + 2
ˆ
(∂tη)η
− 2
ˆ
(∂tW)
(
f(W+ ε)− f(W)− f ′(W)ε) .
Using (4.11) and (5.10)
g1 = 2
ˆ (−∆ε− f ′(W)ε)ModW + 2ˆ ηModX
+ 2
ˆ (−∆ε− f ′(W)ε)RW + ˆ ηRX
− 2
ˆ
X
(
f(W + ε)− f(W)− f ′(W)ε) = g1,1 + g1,2 + g1,3
We integrate by parts terms in g1,1. Next, by (1.8), (1.9), (4.12), (4.13), and (5.18), we obtain
|g1,2| . ‖ε‖H˙1‖RW‖H˙1 + ‖ε‖L 103 ‖W‖
4
3
L
10
3
‖RW‖
L
10
3
+ ‖η‖L2‖RX‖L2 . t−7+
1
10
+δ.
Recall from (4.10) thatX =
∑
k (ℓk∂x1Wk + ckzk). Moreover, from the definition of zk in (4.9)
and (3.3), it follows that ‖zk‖
L
10
3
. ‖∇zk‖L2 . t−2. Thus,∣∣∣∣∣g1,3 − 2
ˆ (∑
k
ℓk∂x1Wk
)(
f(W+ ε)− f(W)− f ′(W)ε)∣∣∣∣∣
.
ˆ (∑
k
|zk|
)(
|ε| 73 + ε2|W| 13
)
. ‖zk‖
L
10
3
‖ε‖2
L
10
3
. t−8+
1
5 . t−7.
Estimate on g2.
g2 = 2
ˆ
(χ∂x1∂tε)η + 2
ˆ
(χ∂x1ε)∂tη
= 2
ˆ
(χ∂x1η)η + 2
ˆ
(χ∂x1ε) [∆ε+ (f(W + ε)− f(W))]
+ 2
ˆ
(χ∂x1ModW)η + 2
ˆ
(χ∂x1ε)ModX + 2
ˆ
(χ∂x1RW)η + 2
ˆ
(χ∂x1ε)RX
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Note that by integration by parts and (5.22)
2
ˆ
(χ∂x1η)η + 2
ˆ
(χ∂x1ε)∆ε = −
ˆ
∂x1χ
(
η2 + (∂x1ε)
2 − |∇ε|2)
= − 1
(1− 2σ)t
ˆ
Ω
(
η2 + (∂x1ε)
2 − |∇ε|2) .
Next, we observeˆ
(χ∂x1ε) (f(W + ε)− f(W)ε)
=
ˆ
χ∂x1(F (W + ε)− F (W) − f(W)ε)−
ˆ
χ(∂x1W)
(
f(W+ ε)− f(W)− f ′(W)ε) .
Integrating by parts and using (5.22),
−
ˆ
χ∂x1(F (W + ε)− F (W) − f(W)ε) =
1
(1− 2σ)t
ˆ
Ω
(F (W + ε)− F (W) − f(W)ε) .
Thus, by (5.18) and
‖W‖
L
10
3 (Ω)
.
∑
k
(
‖Wk‖
L
10
3 (Ω)
+ ‖vk‖H˙1
)
. t−
3
2 ,
we obtain∣∣∣∣ˆ χ∂x1(F (W + ε)− F (W)− f(W)ε)∣∣∣∣ . t− 52 ˆ
Ω
(
|ε| 103 +W 43 |ε|2
)
. t−10.
Second, again by (3.3) and (5.18)∣∣∣∣ˆ χ(∂x1W− ∂x1 ∑Wk) (f(W + ε)− f(W)− f ′(W)ε)∣∣∣∣
=
∣∣∣∣ˆ χ∂x1 (∑ ckvk) (f(W + ε)− f(W)− f ′(W)ε)∣∣∣∣ .∑
k
ˆ
|∂x1vk|
(
|ε|2W 13 + |ε| 73
)
.
(∑
k
‖∂x1vk‖L 103
)
‖ε‖2
L
10
3
. t−8+
1
5 . t−7.
Last, integrating by parts,
2
ˆ
(χ∂x1ε)ModX = −2
ˆ
(χε)∂x1ModX +O
(
t−7
)
,
since by (5.18), (5.22) and (5.20)∣∣∣∣ˆ (∂x1χ)εModX∣∣∣∣ . t−4+ 110 ˆ
Ω
|ε|
(∑
k
|Wk|
4
3
)
. t−4+
1
10 ‖ε‖
L
10
3
(∑
k
‖Wk‖
L
10
3 (Ω)
) 4
3
. t−7.
Last, we finish the estimate of g2 by observing that (4.12) and (5.18) yield∣∣∣∣ˆ (χ∂x1RW)η∣∣∣∣+ ∣∣∣∣ˆ (χ∂x1ε)RX∣∣∣∣ . ‖η‖L2‖∂x1RW‖L2 + ‖∂x1ε‖L2‖RX‖L2 . t−7+ 110+δ.
Estimate on g3. This estimate is a direct consequence of (5.22).
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Gathering the above estimates, we rewrite
d
dt
H = h1 + h2 + h3 + h4 +O
(
t−7+
1
10
+δ
)
,
where
h1 = − 1
(1− 2σ)t
ˆ
Ω
(
η2 + (∂x1ε)
2 + 2
x1
t
(∂x1ε)η − |∇ε|2
)
,
h2 = 2
ˆ (∑
k
(ℓk − χ) ∂x1Wk
)(
f(W+ ε)− f(W)− f ′(W)ε) ,
h3 = 2
ˆ
η (ModX + χ∂x1ModW) ,
h4 = 2
ˆ
ε
(−∆ModW − χ∂x1ModX − f ′(W)ModW) .
First, by (5.26) and the definition of χ in (5.21),
− ((1− 2σ)t)h1 = ℓ
ˆ
Ω
∣∣∣∣χℓ ∂x1ε+ η
∣∣∣∣2 + ˆ
Ω
(
1− χ
2
ℓ
)
(∂x1ε)
2 + (1− ℓ)
ˆ
η2
+ 2
ˆ
Ω
(x1
t
− χ
)
(∂x1ε)η ≤ NΩ + Cσ
ˆ (|∂x1ε|2 + η2) ≤ (1 + Cσ)NΩ.
Second, we observe that by the definition of χ in (5.22) and the decay of ∂x1W and W ,
‖(ℓk − χ) ∂x1Wk‖L 103 . t
− 5
2 .
Thus, by (1.9), |h2| . t− 52‖ε‖2
L
10
3
. t−
17
2
+ 1
5 . t−8.
Denote
Mk =
 λ˙k
λk
− ak
λ
1
2
k t
2
ΛWk + y˙k · ∇Wk
so that ModW =
∑
kMk and ModX = −
∑
k ℓk∂x1Mk. Using (4.13) and the definition of χ
(see (5.22)), we have ‖(ℓk − χ)∂x1Mk‖L2 . t−
9
2
+ 1
10 . It follows from (5.11)
‖ModX + χ∂x1ModW‖L2 . t−
9
2
+ 1
10 ,
and thus
|h3| =
∣∣∣∣ˆ η (ModX + χ∂x1ModW)∣∣∣∣ . t− 92+ 110 ‖η‖L2 . t− 152 + 110 . t−7.
Last, we see that by (i) of Lemma 2.2, −∆Mk + ℓ2k∂2x1Mk − f ′(Wk)Mk = 0. Thus,∣∣−∆Mk + ℓkχ∂2x1Mk − f ′(W)Mk∣∣ . ∣∣(χ− ℓk)∂2x1Mk∣∣+ ∣∣f ′(W) − f ′(Wk)∣∣ |Mk|.
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As before, by (4.13),
∥∥(χ− ℓk)∂2x1Mk∥∥L 107 . t− 92+ 110 . Moreover, by (3.3) and Claim 5.4,∣∣∣|W| 43 − |Wk| 43 ∣∣∣ |Mk| . (∑ |Wk|+∑ |vk|) 13
∑
k′ 6=k
|Wk′ |+
∑
|vk|
 |Wk|
.
∑
k′ 6=k′′
|Wk′ |
4
3 |Wk′′ |+ t−2
∑
k′
|Wk′ |2 + t−
2
3
∑
k′ 6=k′′
|Wk′ |1+
2
9 |Wk′′ |+ t−
8
3
∑
k′
|Wk′ |
17
9
and so ∥∥(f ′(W) − f ′(Wk))Mk∥∥
L
10
7
. t−2
Therefore, using (5.11),∥∥−∆ModW − χ∂x1ModX − f ′(W)ModW∥∥L 107 . t− 92+ 110 .
It follows that by (5.18),
|h4| . ‖ε‖
L
10
3
∥∥−∆ModW − χ∂x1ModX − f ′(W)ModW∥∥L 107 . t−7.
In conclusion, using (5.27), for σ small, and T0 large,
− d
dt
H ≤ (1 + Cσ)
t
NΩ +O(t−7+
1
10
+δ) ≤ 2
t
H+O(t−7+ 110+δ)
and the proof of Lemma 5.6 is complete. 
5.4. Parameters and energy estimates. The following result, mainly based on Lemma 5.6,
improves all the estimates in (5.18), except the ones on (z−k )k.
Lemma 5.7 (Closing estimates except (z−k )k). For C0 > 0 large enough, for all t ∈ [T ∗, Sn],
|λk(t)− λ∞k | ≤
C0
2
t−1, |yk(t)− y∞k | ≤
C0
2
t−1,
|z+k (t)|2 ≤
1
2
t−7, ‖~ε(t)‖H˙1×L2 ≤
1
2
t−3+
1
10 .
(5.30)
Proof. Parameters estimates. From (5.11) and (5.18), we have
∣∣∣ λ˙kλk ∣∣∣ + |y˙k| ≤ Ct−2 where
the constant C depends on the parameters of the two solitons, but not on C0. By integration
on [t, Sn] for T
∗ ≤ t ≤ Sn, and (5.17), we obtain
|λk(t)− λ∞k | ≤ |λk(t)− λk(Sn)|+ |λk(Sn)− λ∞k | ≤ C ′t−1,
and similarly, |yk(t)−y∞k | . C ′t−1, where C ′ is also independent of C0. We choose C0 = 2C ′.
Now, we prove the bound on z+k (t). Let βk =
√
λ0
λ∞k
(1 − |ℓk|2)1/2 > 0. Then, from (5.12)
and (5.18),
d
dt
(
e−βktz+k
)
. e−βktt−4+
1
10 .
Integrating on [t, Sn] and using (5.16), we obtain −z+k (t) . t−4+
1
10 . Doing the same for
−e−βktz+k , we obtain the conclusion for T0 large enough.
Bound on the energy norm. To prove the estimate on ‖~ε(t)‖H˙1×L2 , we use Lemma 5.6.
Recall from (5.17) and then (5.23) that H(Sn) . S−7n . Integrating (5.25) on [t, Sn], we obtain,
for all t ∈ [T ∗, Sn], H(t) . t−6+ 110 . Using (5.24), we conclude that ‖~ε‖H˙1×L2 . t−3+
1
20
+ 1
2
δ.
The estimate follows from the choice δ = 120 and for T0 large enough. 
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As in [2, 3, 35], the parameters z−k require a specific argument.
Lemma 5.8 (Control of unstable directions). There exist (ξk,n)k ∈ BR2(S−7/2n ) such that, for
C∗ > 0 large enough, T ∗((ξk,n)k) = T0. In particular, let (ζ±n ) be given by Claim 5.5 from
such (ξk,n)k, then the solution un of (5.3) satisfies (5.4).
Proof. We follow the strategy of Lemma 6 in [2]. The proof is by contradiction, we assume
that for any (ξk)k∈{1,2} ∈ BR2(S−7/2n ), T ∗((ξk)k) defined by (5.19) satifies T ∗ ∈ (T0, Sn]. In
this case, by Lemma 5.7 and continuity, it holds necessarily∑
|z−k (T ∗)|2 =
1
(T ∗)7
.
Let β = mink βk. From (5.12) and (5.18), for all t ∈ [T ∗, Sn], one has
d
dt
(
t7
(
z−k
)2)
= 2t7z−k
d
dt
z−k + 7t
6
(
z−k
)2 ≤ −2t7βk (z−k )2 + Ct ≤ −2βt7 (z−k )2 + Ct .
Thus, for T0 large enough, and any t0 ∈ [T ∗, Sn],∑
|z−k (t0)|2 =
1
t70
implies
d
dt
(
t7
∑
|z−k (t)|2
)∣∣∣∣
t=t0
≤ −2β + C
T0
≤ −β.
As a standard consequence of this transversality property, the maps
(ξk)k ∈ BR2(S−7/2n ) 7→ T ∗((ξk)k)
and
(ξk)k ∈ BR2(S−7/2n ) 7→ M((ξk)k) =
(
T ∗
Sn
)7/2
(z−k (T
∗))k ∈ SR2(S−7/2n )
are continuous. Moreover,M restricted to SR2(S−7/2n ) is the identity and this is contradictory
with Brouwer’s fixed point theorem.
Estimates (5.4) follow directly from the estimates (5.18) on ε(t), λk(t), yk(t). 
5.5. Proof of the H˙2 × H˙1 bound. We introduce a functional of energy type for ∂xj~ε, for
any j = 1, . . . , 5,
Fj =
ˆ (
|∂xjη|2 + |∇∂xjε|2 −
7
3
(∂xjε)
2|W + ε| 43
)
.
Note that by (1.9), ‖W‖L∞ . 1 and (5.18),ˆ
(|W| 43 + |ε| 43 )(∂xjε)2 . ‖ε‖2H˙1 + ‖ε‖
4
3
H˙1
‖∂xjε‖2H˙1 . t−6+
1
5 + t−4+
2
15 ‖∇∂xjε‖2L2 ,
and so, for T0 large enough, Fj ≥ 12
´
(|∂xjη|2+ |∇∂xjε|2)−Ct−6+
1
5 . By (5.20) and (4.12), we
rewrite (4.11) and (5.10) as follows{
∂tW = X−Rε
∂tX = ∆W + |W|
4
3W −Rη
{
∂tε = η +Rε
∂tη = ∆ε+ |W + ε|
4
3 (W + ε)− |W| 43W +Rη
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where ‖Rε‖H˙1∩H2 + ‖Rη‖H1 . t−3+
1
10 . We compute
d
dt
Fj = 14
3
ˆ
(∂xjη)(∂xjW)
(
|W + ε| 43 − |W| 43
)
− 28
9
ˆ
(X+ η)(W + ε)|W + ε|− 23 (∂xjε)2
+ 2
ˆ
(∂xjRη)(∂xjη) + 2
ˆ
(∇∂xjRε)(∇∂xjε)−
14
3
ˆ
(∂xjRε)(∂xjε)|W + ε|
4
3 .
Thus,∣∣∣∣ ddtFj
∣∣∣∣ . ˆ |∂xjη||∂xjW|(|W| 13 |ε|+ |ε| 43)+ ˆ |X+ η||W + ε| 13 (∂xjε)2
+
ˆ
|∂xjRη ||∂xjη|+
ˆ
|∇∂xjRε||∇∂xjε|+
ˆ
|∂xjRε||∂xjε|
(
|W| 43 + |ε| 43
)
Using Holder inequality (in particular, (1.9)), Sobolev inequality and (5.18), we check the
following estimatesˆ
|∂xjη||∂xjW|
(
|W| 13 |ε|+ |ε| 43
)
. ‖ε‖H˙1‖η‖H˙1 . t−3+
1
10 ‖η‖H˙1 ,
ˆ
|X||W| 13 (∂xjε)2 . ‖ε‖2H˙1 . t−6+
1
5 ,
ˆ
|η||W| 13 (∂xjε)2 .
ˆ
|η|(∂xjε)2 . ‖η‖
1
2
L2
‖η‖
1
2
H˙1
‖ε‖2
H˙2
. t−
3
2
+ 1
20 ‖η‖
1
2
H˙1
‖ε‖2
H˙2ˆ
|X||ε| 13 (∂xjε)2 .
ˆ
|ε| 13 (∂xjε)2 . ‖ε‖
11
6
H˙1
‖ε‖
1
2
H˙2
. t−
11
2
+ 11
60 ‖ε‖
1
2
H˙2
,
ˆ
|η||ε| 13 (∂xjε)2 . ‖ε‖
1
3
H˙1
‖η‖H˙1‖ε‖2H˙2 . t−1+
1
30 ‖η‖H˙1‖ε‖2H˙2 ,ˆ
|∂xjRη ||∂xjη|+
ˆ
|∇∂xjRε||∇∂xjε| . t−3+
1
10
(‖η‖H˙1 + ‖ε‖H˙2) ,
ˆ
|∂xjRε||∂xjε|
(
|W| 43 + |ε| 43
)
. t−3+
1
10 ‖ε‖H˙1 + t−3+
1
10 ‖ε‖
4
3
H˙1
‖ε‖H˙2 . t−6+
1
5 + t−7+
7
30 ‖ε‖H˙2 .
We deduce from these estimates that, for F =∑5j=1Fj ,∣∣∣∣ ddtF
∣∣∣∣ . t−4 + ‖η‖3H˙1 + ‖ε‖3H˙2 . t−4 + |F| 32 .
By (5.17), we known that |Fj(Sn)| . S−7n and thus, by integration, we obtain the uniform
bound |F| . t−3 on [T0, Sn]. It follows that ‖~un‖H˙2×H˙1 . ‖ ~W‖H˙2×H˙1 + ‖~ε‖H˙2×H˙1 . 1.
5.6. End of the proof of Proposition 5.1. We claim the following property
for all ν > 0, there exists K > 0 such that, for all n ≥ n0, ‖~un(T0)‖(H˙1×L2)(|x|>K) < ν.
(5.31)
Proof of (5.31). Let 0 < ν ≪ 1. First, fix T1 > T0 independent of n such that from (5.4),
‖~un(T1) − ~W(T1)‖H˙1×L2 . T−3+δ1 < ν. Second, by (4.13), let K1 > 1 independent of n be
such that ‖ ~W(T1)‖(H˙1×L2)(|x|>K1) < ν. In particular, it holds ‖~un(T1)‖(H˙1×L2)(|x|>K1) . ν.
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Now, for 0 < γ ≪ 1 and K ≫ 1 we consider the function gK defined on R5 by
gK(x) =
(
1 + |x|2
K2 + |x|2
)γ
so that |∇gK(x)| ≤ 2γ gK(x)|x| .
Note that for any function v ∈ H˙1,ˆ
|∇(vgK)|2 ≤ 2
ˆ
|∇v|2g2K + 2
ˆ
|v|2|∇gK |2 ≤ 2
ˆ
|∇v|2g2K + 8γ2
ˆ |vgK |2
|x|2 .
By the Hardy inequality,
´ |vgK |2
|x|2 .
´ |∇(vgK)|2 and so we can fix γ > 0 small, independently
of K and v, such that ˆ
|∇(vgK)|2 ≤ 4
ˆ
|∇v|2g2K . (5.32)
From now on, γ > 0 is fixed to such value. Let K > max(K21 , ν
−2/γ). In particular,ˆ
|∇t,xun(T1)|2gK .
ˆ
x>
√
K
|∇t,xun(T1)|2 + gK(
√
K)
ˆ
|∇t,xun(T1)|2 . ν2.
By usual computations using (1.1), one has
d
dt
ˆ (
(∂tun)
2 + |∇un|2 − 3
5
|un|
10
3
)
g
10
3
K = −2
ˆ (
∇(g
10
3
K ) · ∇un
)
∂tun.
From the expression of gK , one has
∇(g
10
3
K ) =
10
3
g
7
3
K∇gK =
20
3
γx(K2 − 1)(1 + |x|2)γ−1(K2 + |x|2)−γ−1g
7
3
K
and so |∇(g
10
3
K )| . K−2γ , which implies, by the uniform estimates in (5.4)-(5.5)∣∣∣∣ ddt
ˆ (
(∂tun)
2 + |∇un|2 − 3
5
|un|
10
3
)
g
10
3
K
∣∣∣∣ . K−2γ .
Therefore, integrating on [T0, T1] and using the properties of the function g,ˆ (
(∂tun)
2 + |∇un|2 − 3
5
|un|
10
3
)
(T0)g
10
3
K .
ˆ (
(∂tun)
2 + |∇un|2
)
(T1)g
10
3
K +
T1 − T0
K2γ
. ν2,
by choosing in addition K such that K2γ > T1−T0ν2 .
To finish the proof of (5.31), we recall that ~un = ~W + ~ε, where ~W satisfies (4.13) and ~ε
satisfies (5.18). In particular, for K large depending on ν, but independent of n,ˆ (
(η(T0))
2 + |∇ε(T0)|2
)
g
10
3
K .
ˆ (
(∂tun(T0))
2 + |∇un(T0)|2
)
g
10
3
K + ν
2,
and ˆ
|un(T0)|
10
3 g
10
3
K .
ˆ
|W(T0)|
10
3 g
10
3
K +
ˆ
|ε(T0)|
10
3 g
10
3
K . ν +
ˆ
|ε(T0)|
10
3 g
10
3
K .
Therefore, ˆ (
(η(T0))
2 + |∇ε(T0)|2
)
g
10
3
K .
ˆ
|ε(T0)| 103 g
10
3
K + ν
2.
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Now, by (5.32),
ˆ
|ε(T0)| 103 g
10
3
K .
(ˆ
|∇(ε(T0)gK)|2
) 5
3
.
(ˆ
|∇ε(T0)|2g2K
)5
3
.
(ˆ
|∇ε(T0)|2g
10
3
K
)(ˆ
|∇ε(T0)|2
) 2
3
. T
−4+ 2
15
0
ˆ
|∇ε(T0)|2g
10
3
K .
Taking T0 larger than a universal constant, we obtainˆ (
(∂tun(T0))
2 + |∇un(T0)|2
)
g
10
3
K .
ˆ (
(η(T0))
2 + |∇ε(T0)|2
)
g
10
3
K + ν
2 . ν2,
and (5.31) follows from the properties of gK . 
From the estimates of Proposition 5.2 on (~un(T0)) and (5.31), it follows that up to the
extraction of a subsequence (still denoted by (~un)), the sequence (~un(T0)) converges to some
(u0, u1)
T in H˙1×L2 as n→ +∞. Consider the solution u(t) of (1.1) associated to the initial
data (u0, u1)
T at t = T0. Then, by the continuous dependence of the solution of (1.1) with
respect to its initial data in the energy space H˙1 × L2 (see e.g. [24] and references therein)
and the uniform bounds (5.4), the solution u is well-defined in the energy space on [T0,∞).
Recall that we denote by λk,n and yk,n the parameters of the decomposition of un on
[T0, Sn]. By the uniform estimates in (5.5), using Ascoli’s theorem and a diagonal argument,
it follows that there exist continuous functions λk and yk such that up to the extraction of a
subsequence, λk,n → λk, yk,n → yk uniformly on compact sets of [T0,+∞), and on [T0,+∞),
|λk(t)− λ∞k | . t−1, |yk(t)− y∞k | . t−1.
Passing to the limit in (5.4) for any t ∈ [T0,+∞), we finish the proof of Proposition 5.1.
6. non-zero dispersion
In this section, we finish the proof of Theorem 1.1 by proving (1.5). Let R≫ 1 to be fixed
large enough, tR = R
11
12 , and ΣR =
{
(t, x) ∈ R×R5 such that |x| > R+ |t− tR|
}
. Let u(t)
be the solution constructed in Proposition 5.1.
6.1. Approximate cut-off problem. Let χ1 : R
5 → R be a smooth radially symmetric
function such that χ1 ≡ 1 for |y| > 1 and χ1 ≡ 0 for |y| < 12 . Let χR(x) = χ1(x/R). We
define ~uR = (uR, ∂tuR)
T the solution of (1.1) with the following data at the time tR
uR(tR) = u(tR)χR, ∂tuR(tR) = ∂tu(tR)χR.
Claim 6.1. For large R, ‖~uR(tR)‖H˙1×L2 . R−
3
2 .
Proof. First, by direct computations, using Hardy inequality, at t = tR,
ˆ
|∇uR|2 =
ˆ
|∇u|2χ2R −
ˆ
u2χR∆χR .
ˆ
|x|>R
2
|∇u|2 +
ˆ
R
2
<|x|<R
u2
|x|2
.
ˆ
|x|>R
2
(
|∇W|2 + W
2
|x|2
)
+ ‖∇(u−W)‖2L2 .
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Note that by (4.13), we have, for |x| > R2 and t = tR ≪ R,
|∇W(tR)|2 + W
2(tR)
|x|2 . |x|
−8 + t−2R |x|−8+
1
10 ,
and so, ˆ
|x|>R
2
(
|∇W(tR)|2 + W
2(tR)
|x|2
)
. R−3 + t−2R R
−3+ 1
10 . R−3.
Using also (5.1),
´ |∇uR(tR)|2 . R−3 + t−6+ 15R . R−3.
The estimate for ‖∂tu(tR)‖L2 is similar and easier. Indeed, at t = TR,ˆ
|∂tuR|2 =
ˆ
|∂tu|2χ2R .
ˆ
|x|>R
2
|∂tu|2 .
ˆ
|x|>R
2
|X|2 + ‖∂tu−X‖2L2 .
By (4.13), for |x| > R2 and t = tR ≪ R, it holds |X(tR)|2 . |x|−8 + t−4R |x|−6+
1
5 , and so´
|x|>R
2
|X(tR)|2 . R−3. Using also (5.1),
´ |∂tuR(tR)|2 . R−3 + t−6+ 15R . R−3. 
Using this claim, by the small data Cauchy theory, for R large enough, the solution ~uR is
global and bounded in H˙1×L2. Moreover, since ~uR(tR) = ~u(tR), for |x| > R, by the property
of finite speed of propagation of the wave equation, we can define globally ~u(t, x) on ΣR by
setting u(t, x) = uR(t, x). This extension makes sense even if u(t) is not global in H˙
1 ×L2 in
negative times. We will prove in this section the following statement, for R large,
lim inf
t→−∞ ‖∇u(t)‖L2(|x|>R+|t−tR|) & R
− 5
2 , (6.1)
which implies, for A = R+ tR large enough,
lim inf
t→−∞ ‖∇u(t)‖L2(|x|>|t|+A) & A
− 5
2 .
6.2. Reduction to a linear problem. We define ~uL = (uL, ∂tuL)
T the (global) solution of
the 5D linear wave equation with initial data at t = tR,{
∂2t uL −∆uL = 0 on R× R5,
uL(tR) = uR(tR) = u(tR)χR, ∂tuL(tR) = ∂tuR(tR) = ∂tu(tR)χR on R
5.
(6.2)
Using Claim 6.1 and Proposition 2.12, it follows that for R large enough,
sup
t∈R
‖~uL − ~uR‖H˙1×L2 . R−
7
3
· 3
2 = R−
7
2 . (6.3)
Therefore it suffices to prove (6.1) on ~uL instead of ~uR.
We prove a similar result for truncations of solitons. For any fixed ℓ ∈ R5, |ℓ| < 1, λ > 0,
y ∈ R5 and ǫ = ±1, set β = (ℓ, λ,y, ǫ). Denote
wβ(t, x) =
ǫ
λ
3
2
Wℓ
(
x− ℓt− y
λ
)
, ~wβ =
(
wβ
∂twβ
)
.
Define also ~wβ,R = (wβ,R, ∂twβ,R)
T the solution of (1.1) with truncated data at tR
wβ,R(tR) = wβ(tR)χR, ∂twβ,R(tR) = ∂twβ(tR)χR,
and ~wβ,L = (wβ,L, ∂twβ,L)
T the solution of the 5D linear wave equation with data at tR
wβ,L(tR) = wβ,R(tR) = wβ(tR)χR, ∂twβ,L(tR) = ∂twβ,R(tR) = ∂twβ(tR)χR.
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We claim the following on ~wβ,L.
Claim 6.2. For any R large enough, for all t ∈ R,
‖∇wβ,L(t)‖L2(|x|>R+|t−tR|) + ‖∂twβ,L(t)‖L2(|x|>R+|t−tR|) . (R+ |t|)−
3
2 +R−
7
2 .
Proof. First, as in the proof of Claim 6.1, we see that ‖~wβ,R(tR)‖H˙1×L2 . R−
3
2 . In particular,
for R large enough, the solution ~wβ,R is global in H˙
1 × L2 and, by Proposition 2.12,
sup
t∈R
‖~wβ,L − ~wβ,R‖H˙1×L2 . R−
7
3
· 3
2 = R−
7
2 . (6.4)
Second, by direct computations, we see that for all t,
‖∇wβ(t)‖2L2(|x|>R+|t−tR|) + ‖∂twβ(t)‖2L2(|x|>R+|t−tR|) .
ˆ
|x|>R+|t−tR|
|x− ℓt|−8dx
.
ˆ
|y|>R+|t−tR|−|ℓ||t|
|y|−8dy .
ˆ
r>R−|tR|+(1−|ℓ|)|t|
r−4dr . (R+ |t|)−3,
where we have used tR = R
11
12 ≪ R. For x ∈ ΣR, wβ and wβ,R coincide by finite speed of
propagation. 
6.3. Reduction to a radial linear problem. To use the method of channels of energy, we
work on a radial solution. Since the solitons W1 and W2 at time t = tR are not centered at
x = 0, we remove their contribution from the linear solution uL before reducing to a radial
problem using Claim 6.2. For k = 1, 2, set
βk = (ℓk, λk(tR),yk(tR), ǫk) so that ~Wk(tR, x) = ~wβk(tR).
In view of Lemma 2.5, we introduce the radial solution UL of the 5D linear wave equation,
defined by, for all t, x ∈ R5, r = |x|,
UL(t, x) =
 
|y|=|x|
(
uL −
∑
k
wβk,L
)
(t, y)dω(y), ~UL =
(
UL
∂tUL
)
. (6.5)
Our goal is to apply Proposition 2.9 to ~UL. By (1.4),
Ψ =
(1− ℓ21)
3
2 (1− ℓ22)
3
2
|ℓ1 − ℓ2|3 λ
∞
1 λ
∞
2
(
ǫ1(λ
∞
1 )
1
2 + ǫ2(λ
∞
2 )
1
2
)
6= 0.
Lemma 6.3. For R large enough, it holds
‖πR ~UL(tR)‖2(H˙1×L2)(|x|>R) & Ψ2R−5.
Proof. Define the radial function VL as follows
VL(x) =
 
|y|=|x|
∑
k
ckvk(tR, y)dω(y), ~VL =
(
VL
∂tVL
)
.
We claim the following result on VL.
Claim 6.4. For R large enough, it holds
‖π⊥R(VL, 0)‖2(H˙1×L2)(|x|>R) & Ψ2R−5.
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Proof of Claim 6.4. By the definition of vk in (4.8), we have
vk(tR, x) = λ
−3
k (tR)vℓk
(
tR
λk(tR)
,
x− yk(tR)
λk(tR)
)
.
Similarly, set
v♯k(tR, x) = (λ
∞
k )
−3v♯ℓk
(
tR
λ∞k
,
x
λ∞k
)
, V ♯L(t, x) = −
3
2
(15)
3
2
 
|y|=r
∑
k
κℓkckv
♯
k(tR, y)dω(y)
and
v˜♯k(tR, x) = (λk(tR))
−3v♯ℓk
(
tR
λk(tR)
,
x− yk(tR)
λk(tR)
)
where v♯ℓk is defined in (3.25). By (3.29), we haveˆ
|x|>R
∣∣∣∣∇(vk + 32(15) 32κℓv˜♯k
)
(tR, x)
∣∣∣∣2 dx . t−4R R−3+2δ = R− 203 +2δ . R−6.
Moreover, from |λk(tR)− λ∞k | . t−1R , |yk| . 1 and (3.26), we check thatˆ
|x|>R
∣∣∣∇(v♯k − v˜♯k) (tR, x)∣∣∣2 dx . R−6.
It follows that, for R large,
ˆ
|x|>R
∣∣∣∣∇(vk + 32(15) 32κℓkv♯k
)
(tR, x)
∣∣∣∣2 dx . R−6,
and thus ˆ
|x|>R
∣∣∣∇(VL − V ♯L) (tR, x)∣∣∣2 dx . R−6.
Let φℓk be defined as in (3.27) for ℓ = ℓk, i.e. φk(t, r) = (λ
∞
k )
−2φℓk
(
t
λ∞k
, rλ∞k
)
and
φ(t, r) =
3
2
(15)
3
2
∑
k
κℓkckφk(t, r) = r
−1∂r
(
r3V ♯L(t, r)
)
.
Then, from (3.28) and the definition of κℓ in (3.1), for r > R,
φ(tR, r) = −3
2
(15)
3
2
(W
4
3 ,ΛW )
‖ΛW‖2
L2
Ψr−3 +O(r−1t−
9
4 ), Ψ =
∑
k
(1− ℓ2k)
3
2 ckλ
∞
k .
Using the values of c1, c2 from (4.5), we see that Ψ 6= 0 under the assumption (1.4). In
particular, for R large enough,ˆ
r>R
φ2(tR, r)dr ≥ CΨ2R−5 −C ′R−1t−
9
2
R & Ψ
2R−5.
From Remark 2.10, we have
‖π⊥R(V ♯L , 0)‖2(H˙1×L2)(|x|>R) =
ˆ
r>R
φ2(tR, r)dr
which finishes the proof of the claim. 
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For |x| > R, we have ~uL(tR, x) = ~u(tR, x) and ~wβk,L(tR) = ~Wk(tR, x) and thus, by the
definition of ~W =
∑
k(
~Wk + ck~vk), one has using Proposition 5.1,∥∥∥(~uL −∑ ~wβk,L) (tR)−∑ ck~vk(tR)∥∥∥
(H˙1×L2)(|x|>R)
=
∥∥∥(~u−∑ ~Wk) (tR)− ( ~W −∑Wk) (tR)∥∥∥
(H˙1×L2)(|x|>R)
=
∥∥∥~u(tR)− ~W(tR)∥∥∥
(H˙1×L2)(|x|>R)
. t
−6+ 1
5
R = R
− 319
60 .
Thus, ‖~UL(tR) − ~VL‖(H˙1×L2)(|x|>R) . R−
319
60 , which, combined with Claim 6.4 finishes the
proof of the lemma. 
6.4. Channels of energy. We finish the proof of Theorem 1.1. Using Lemma 6.3 and
applying Proposition 2.9 to the function ~UL, we find that for R large enough, either
lim inf
t→−∞ ‖
~UL(t)‖(H˙1×L2)(|x|>R+|t−tR|) & R
− 5
2 .
or
lim inf
t→+∞ ‖
~UL(t)‖(H˙1×L2)(|x|>R+|t−tR|) & R
− 5
2 .
Now, we transfer this information back to u(t), using uL(t). By the definition of ~UL in (6.5)
and Claim 6.2, we have
‖~uL(t)‖(H˙1×L2)(|x|>R+|t−tR|)
≥ ‖~UL(t)‖(H˙1×L2)(|x|>R+|t−tR|) −
∑
k
‖~wβk,L(t)‖(H˙1×L2)(|x|>R+|t−tR|)
≥ ‖~UL(t)‖(H˙1×L2)(|x|>R+|t−tR|) − C1R
− 7
2 − C2(R + |t|)−
3
2 .
Thus, either
lim inf
t→+∞ ‖~uL(t)‖(H˙1×L2)(|x|>R+|t−tR|) & R
− 5
2 ,
or
lim inf
t→−∞ ‖~uL(t)‖(H˙1×L2)(|x|>R+|t−tR|) & R
− 5
2 .
By (6.3), it follows that, for large R, either
lim inf
t→+∞ ‖~u(t)‖(H˙1×L2)(|x|>R+|t−tR|) & R
− 5
2 or lim inf
t→−∞ ‖~u(t)‖(H˙1×L2)(|x|>R+|t−tR|) & R
− 5
2 .
Moroever, by (5.1) and (4.13), we have, for any large R,
lim
t→+∞ ‖~u(t)‖(H˙1×L2)(|x|>R+|t−tR|) = 0.
Therefore, from Remark 2.11, we have both, for large R,
lim inf
t→−∞ ‖∇u(t)‖L2(|x|>R+|t−tR|) & R
− 5
2 and lim inf
t→−∞ ‖∂tu(t)‖L2(|x|>R+|t−tR|) & R
− 5
2 .
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7. Extensions to the case K ≥ 3
7.1. Collinear speeds. For K ≥ 3 collinear speeds ℓk = ℓke1 where −1 < ℓ1 < · · · < ℓK < 1,
the existence of a multi-soliton at +∞ is proved in [35]. The method used in the present paper
to prove Theorem 1.1 can be extended to this case, using a refined approximate solution ~W
of the form ~W =
∑K
k=1(
~Wk + ck~vk)). Similarly as in Lemma 6.3, for j, k ∈ {1, . . . ,K} with
j 6= k, define
Ψj,k =
(1− ℓ2j)
3
2 (1− ℓ2k)
3
2
|ℓj − ℓj|3 λ
∞
j λ
∞
k
(
ǫj(λ
∞
j )
1
2 + ǫk(λ
∞
k )
1
2
)
.
Then, the collision is inelastic under the non-vanishing condition
∑
j 6=kΨj,k 6= 0. Note that
this condition is Lorentz invariant since using the notation of §2.5, for any −1 < β < 1,
(1− ℓ2j)
3
2 (1− ℓ2k)
3
2
|ℓj − ℓj |3 =
(1− ℓ˜2j )
3
2 (1− ℓ˜2k)
3
2
|ℓ˜j − ℓ˜j|3
.
7.2. Non-collinear speeds. The arguments in [35] do not apply to K ≥ 3 for non-collinear
speeds. However, under the smallness condition |ℓk| < 35 , the existence of a multi-soliton
with speeds {ℓk}1≤k≤K can be proved using a refined approximate solution similar to the
function W defined in §4 and a variant of the energy estimates of §5.3. Actually, any further
improvement in the approximate solution ~W would lead to a existence result with a weaker
condition on the speeds. Inelasticity of the collisions then holds under the following general
non-vanishing condition
K∑
k=1
(1− |ℓk|2)
3
2 ckλ
∞
k 6= 0,
where the coefficients ck are explicitly defined in Lemma 4.1.
Appendix A. End of the proof of Lemma 3.3
By Lemmas 2.5 and 2.7, we have
φℓ(t, r) =
1
2
ˆ +∞
0
ˆ r+σ
|r−σ|
a
{ 
|x|=a
[
x · ∇
(
f ♯ℓ + g
♯
ℓ
)
+ 3
(
f ♯ℓ + g
♯
ℓ
)]
(t+ σ)dω(x)
}
dadσ.
Computation of x · ∇
(
f ♯ℓ + g
♯
ℓ
)
+ 3
(
f ♯ℓ + g
♯
ℓ
)
. We compute
x · ∇f ♯ℓ = −3t−3
(
x1(x1 − ℓt)
1− ℓ2 + |x¯|
2
)
〈xℓ〉−5
= −3t−3
(
(x1 − ℓt)2
1− ℓ2 + |x¯|
2
)
〈xℓ〉−5 − 3ℓ
1− ℓ2 t
−2(x1 − ℓt)〈xℓ〉−5
= −3t−3〈xℓ〉−3 + 3t−3〈xℓ〉−5 − 3ℓ
1− ℓ2 t
−2(x1 − ℓt)〈xℓ〉−5,
and so
x · ∇f ♯ℓ + 3f ♯ℓ = 3t−3〈xℓ〉−5 −
3ℓ
1− ℓ2 t
−2(x1 − ℓt)〈xℓ〉−5.
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Next, g♯ℓ = − 3ℓ1−ℓ2 t−2(x1 − ℓt)〈xℓ〉−5,
x · ∇g♯ℓ = −
3ℓ
1− ℓ2 t
−2
(
x1〈xℓ〉−5 − 5
1− ℓ2x1(x1 − ℓt)
2〈xℓ〉−7 − 5(x1 − ℓt)|x¯|2〈xℓ〉−7
)
= − 3ℓ
1− ℓ2 t
−2
(
(x1 − ℓt)〈xℓ〉−5 − 5(x1 − ℓt)
(
(x1 − ℓt)2
1− ℓ2 + |x¯|
2
)
〈xℓ〉−7
+ℓt〈xℓ〉−5 − 5ℓt
1− ℓ2 (x1 − ℓt)
2〈xℓ〉−7
)
=
12ℓ
1− ℓ2 t
−2(x1 − ℓt)〈xℓ〉−5 − 15ℓ
1− ℓ2 t
−2(x1 − ℓt)〈xℓ〉−7 − 3ℓ
2
1− ℓ2 t
−1〈xℓ〉−5
+
15ℓ2
(1− ℓ2)2 t
−1(x1 − ℓt)2〈xℓ〉−7,
and
x · ∇g♯ℓ + 3g♯ℓ =
3ℓ
1− ℓ2 t
−2(x1 − ℓt)〈xℓ〉−5 − 15ℓ
1− ℓ2 t
−2(x1 − ℓt)〈xℓ〉−7
− 3ℓ
2
1− ℓ2 t
−1〈xℓ〉−5 + 15ℓ
2
(1− ℓ2)2 t
−1(x1 − ℓt)2〈xℓ〉−7.
Summing up, we find
x · ∇
(
f ♯ℓ + g
♯
ℓ
)
+ 3
(
f ♯ℓ + g
♯
ℓ
)
= 3t−3〈xℓ〉−5 − 15ℓ
1− ℓ2 t
−2(x1 − ℓt)〈xℓ〉−7
− 3ℓ
2
1− ℓ2 t
−1〈xℓ〉−5 + 15ℓ
2
(1− ℓ2)2 t
−1(x1 − ℓt)2〈xℓ〉−7.
Case ℓ = 0. In this case, we claim that, for 1≪ t ≤ r 1112 , φ0(t, r) = r−3+O(r−1t− 94 ). Note
that x · ∇f ♯0 + 3f ♯0 = 3t−3〈x〉−5 and g♯0 = 0. Thus,
φ(t, r) =
3
2
ˆ +∞
0
(t+ σ)−3
ˆ r+σ
|r−σ|
a
( 
|x|=a
〈x〉−5dω(x)
)
dadσ
=
3
2
ˆ +∞
0
(t+ σ)−3
(ˆ r+σ
|r−σ|
a
(1 + a2)
5
2
da
)
dσ = −1
2
ˆ +∞
0
(t+ σ)−3
[
(1 + a2)−
3
2
]r+σ
|r−σ|
dσ
=
1
2
ˆ +∞
0
(t+ σ)−3(1 + (r − σ)2)− 32 dσ − 1
2
ˆ +∞
0
(t+ σ)−3(1 + (r + σ)2)−
3
2dσ.
First, we estimateˆ +∞
0
(t+ σ)−3(1 + (r + σ)2)−
3
2dσ . r−3
ˆ +∞
0
(t+ σ)−3dσ . r−3t−2.
Second, we compare∣∣∣∣ˆ +∞
0
(t+ σ)−3(1 + (r − σ)2)− 32 dσ − (t+ r)−3
ˆ +∞
0
(1 + (r − σ)2)− 32dσ
∣∣∣∣
. r−1t−3
ˆ +∞
0
|r − σ|(1 + (r − σ)2)− 32 dσ . r−1t−3
ˆ +∞
−∞
|σ′|(1 + (σ′)2)− 32 dσ′ . r−1t−3.
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Third, we computeˆ +∞
0
(1 + (r − σ)2)− 32dσ =
ˆ +∞
−r
(1 + σ2)−
3
2 dσ = 2 +O(r−2).
In conclusion, we have obtained, for r, t large, with t < r
11
12 ,
φ(t, x) = r−3 +O(r−1t−3) +O(r−4t) = r−3 +O(r−1t−
9
4 ).
From now on, we focus on the case 0 < ℓ < 1.
Rewriting x · ∇
(
f ♯ℓ + g
♯
ℓ
)
+ 3
(
f ♯ℓ + g
♯
ℓ
)
. First, we compute ∆(〈xℓ〉−3). We have
∂x1(〈xℓ〉−3) = −
3
1− ℓ2 (x1 − ℓt)〈xℓ〉
−5,
∂2x1(〈xℓ〉−3) = −
3
1− ℓ2 〈xℓ〉
−5 +
15
(1− ℓ2)2 (x1 − ℓt)
2〈xℓ〉−7,
and
∆¯(〈xℓ〉−3) = −12〈xℓ〉−5 + 15|x¯|2〈xℓ〉−7.
Thus,
∆(〈xℓ〉−3) = −15〈xℓ〉−5 + 3
(
1− 1
1− ℓ2
)
〈xℓ〉−5 + 15
(
(x1 − ℓt)2
(1− ℓ2)2 + |x¯|
2
)
〈xℓ〉−7,
which we rewrite as follows
∆(〈xℓ〉−3) = −15〈xℓ〉−5−3 ℓ
2
1− ℓ2 〈xℓ〉
−5+15
(
〈xℓ〉2 − 1− (x1 − ℓt)
2
(1− ℓ2)
(
1− 1
1− ℓ2
))
〈xℓ〉−7
= −3 ℓ
2
1− ℓ2 〈xℓ〉
−5 + 15
ℓ2
(1− ℓ2)2 (x1 − ℓt)
2〈xℓ〉−7 − 15〈xℓ〉−7.
We rewrite
x · ∇
(
f ♯ℓ + g
♯
ℓ
)
+ 3
(
f ♯ℓ + g
♯
ℓ
)
= f I + f II + f III,
where
f I(t, x) = t−1∆(〈xℓ〉−3), f II(t, x) = 15t−1〈xℓ〉−7,
f III(t, x) = 3t−3〈xℓ〉−5 − 15 ℓ
1− ℓ2 t
−2(x1 − ℓt)〈xℓ〉−7,
and set
φI,II,III(t, r) =
1
2
ˆ +∞
0
ˆ r+σ
|r−σ|
a
( 
|x|=a
f I,II,III(t+ σ, x)dω(x)
)
dadσ
Computation of φI. It is a standard fact that for a smooth function h,
 
|x|=r
∆h(x)dω(x) =
(
d2
dr2
+
4
r
d
dr
)( 
|x|=r
h(x)dω(x)
)
=
1
r
d
dr
(
r−2
d
dr
(
r3
 
|x|=r
h(x)dω(x)
))
.
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We set N(x) = 〈x〉−3, Nℓ(t, x) = N(xℓ), M(x) = 〈x〉−5, Mℓ(t, x) =M(xℓ), K(x) = 〈x〉−7 and
Kℓ(t, x) = K(xℓ). We have
φI(t, r) =
1
2
ˆ +∞
0
(t+ σ)−1
ˆ r+σ
|r−σ|
d
da
(
a−2
d
da
(
a3
 
|x|=a
Nℓ(t+ σ, x)dω(x)
))
dadσ
=
1
2
ˆ +∞
0
(t+ σ)−1
[
a−2
d
da
(
a3
 
|x|=a
Nℓ(t+ σ, x)dω(x)
)]r+σ
|r−σ|
dσ = φI,1 + φI,2 + φI,3
where
φI,1(t, r) =
1
2
ˆ +∞
0
(t+ σ)−1
[
a−2
d
da
(
a3
 
|x|=a
Nℓ(t+ σ, x)dω(x)
)]
a=r+σ
dσ
φI,2(t, r) = −1
2
ˆ r
0
(t+ σ)−1
[
a−2
d
da
(
a3
 
|x|=a
Nℓ(t+ σ, x)dω(x)
)]
a=r−σ
dσ
φI,3(t, r) = −1
2
ˆ +∞
r
(t+ σ)−1
[
a−2
d
da
(
a3
 
|x|=a
Nℓ(t+ σ, x)dω(x)
)]
a=σ−r
dσ
To compute φI,1, φI,2 and φI,3, we will use the following identity
a−2
d
da
(
a3
 
|x|=a
Nℓ(t+ σ, x)dω(x)
)
=
 
|x|=a
(3Nℓ(t+ σ, x) + x · ∇Nℓ(t+ σ, x)) dω(x)
= 3
 
|x|=a
Mℓ(t+ σ, x)dω(x) + ℓ(t+ σ)
 
|x|=a
∂x1Nℓ(t+ σ, x)dω(x),
since by direct computations
3Nℓ + x · ∇Nℓ = 3〈xℓ〉−3 − 3|xℓ|2〈xℓ〉−5 + ℓt∂x1Nℓ = 3Mℓ + ℓt∂x1Nℓ.
To compute φI,1, we observe as above that
(r + σ)−2
d
dσ
(
(r + σ)3
 
|x|=r+σ
Nℓ(t+ σ, x)dω(x)
)
=
 
|x|=r+σ
(3Nℓ(t+ σ, x) + x · ∇Nℓ(t+ σ, x)) dω(x)− ℓ(r + σ)
 
|x|=r+σ
∂x1Nℓ(t+ σ, x)dω(x)
= 3
 
|x|=r+σ
Mℓ(t+ σ, x)dω(x) + ℓ(t− r)
 
|x|=r+σ
∂x1Nℓ(t+ σ, x)dω(x),
and thus eliminating the terms containing ∂x1Nℓ, we find[
a−2
d
da
(
a3
 
|x|=a
Nℓ(t+ σ, x)dω(x)
)]
a=r+σ
= 3
(
r + σ
r − t
) 
|x|=r+σ
Mℓ(t+ σ, x)dω(x)
− (r + σ)−2
(
t+ σ
r − t
)
d
dσ
(
(r + σ)3
 
|x|=r+σ
Nℓ(t+ σ, x)dω(x)
)
.
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Therefore, we have obtained
φI,1 = −1
2
(r − t)−1
ˆ +∞
0
(r + σ)−2
d
dσ
(
(r + σ)3
 
|x|=r+σ
Nℓ(t+ σ, x)dω(x)
)
dσ
+
3
2
(r − t)−1
ˆ +∞
0
(
r + σ
t+ σ
) 
|x|=r+σ
Mℓ(t+ σ, x)dω(x)dσ.
Integrating by parts, we find
φI,1 = −(r − t)−1
ˆ +∞
0
 
|x|=r+σ
Nℓ(t+ σ, x)dω(x)dσ +
r
2
(r − t)−1
 
|x|=r
Nℓ(t, x)dω(x)
+
3
2
(r − t)−1
ˆ +∞
0
(
r + σ
t+ σ
) 
|x|=r+σ
Mℓ(t+ σ, x)dω(x)dσ,
which rewrites
8π2
3
φI,1 = −(r − t)−1
ˆ
|x|>r
|x|−4Nℓ(t+ |x| − r, x)dx + r
−3
2
(r − t)−1
ˆ
|x|=r
Nℓ(t, x)dω(x)
+
3
2
(r − t)−1
ˆ
|x|>r
(t+ |x| − r)−1|x|−3Mℓ(t+ |x| − r, x)dx. (A.1)
We compute φI,2 similarly. First, for 0 < σ < r,
(r − σ)−2 d
dσ
(
(r − σ)3
 
|x|=r−σ
Nℓ(t+ σ, x)dω(x)
)
= −
 
|x|=r−σ
(3Nℓ(t+ σ, x) + x · ∇Nℓ(t+ σ, x)) dω(x)−ℓ(r−σ)
 
|x|=r−σ
∂x1Nℓ(t+σ, x)dω(x)
= −3
 
|x|=r−σ
Mℓ(t+ σ, x)dω(x) − ℓ(r + t)
 
|x|=r−σ
∂x1Nℓ(t+ σ, x)dω(x),
and thus[
a−2
d
da
(
a3
 
|x|=a
Nℓ(t+ σ, x)dω(x)
)]
a=r−σ
= 3
(
r − σ
r + t
) 
|x|=r−σ
Mℓ(t+ σ, x)dω(x)
− (r − σ)−2
(
t+ σ
r + t
)
d
dσ
(
(r − σ)3
 
|x|=r−σ
Nℓ(t+ σ, x)dω(x)
)
.
Therefore,
φI,2 =
1
2
(r + t)−1
ˆ r
0
(r − σ)−2 d
dσ
(
(r − σ)3
 
|x|=r−σ
Nℓ(t+ σ, x)dω(x)
)
dσ
− 3
2
(r + t)−1
ˆ r
0
(
r − σ
t+ σ
) 
|x|=r−σ
Mℓ(t+ σ, x)dω(x)dσ.
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Integrating by parts, we find
φI,2 = −(r + t)−1
ˆ r
0
 
|x|=r−σ
Nℓ(t+ σ, x)dω(x)dσ − r
2
(r + t)−1
 
|x|=r
Nℓ(t, x)dω(x)
− 3
2
(r + t)−1
ˆ r
0
(
r − σ
t+ σ
) 
|x|=r−σ
Mℓ(t+ σ, x)dω(x)dσ,
and thus
8π2
3
φI,2 = −(r + t)−1
ˆ
|x|<r
|x|−4Nℓ(t+ r − |x|, x)dx − r
−3
2
(r + t)−1
ˆ
|x|=r
Nℓ(t, x)dω(x)
− 3
2
(r + t)−1
ˆ
|x|<r
(t+ r − |x|)−1|x|−3Mℓ(t+ r − |x|, x)dx. (A.2)
Finally, we compute φI,3. For σ > r,
(σ − r)−2 d
dσ
(
(σ − r)3
 
|x|=σ−r
Nℓ(t+ σ, x)dω(x)
)
=
 
|x|=σ−r
(3Nℓ(t+ σ, x) + x · ∇Nℓ(t+ σ, x)) dω(x)− ℓ(σ − r)
 
|x|=σ−r
∂x1Nℓ(t+ σ, x)dω(x)
= 3
 
|x|=σ−r
Mℓ(t+ σ, x)dω(x) + ℓ(r + t)
 
|x|=σ−r
∂x1Nℓ(t+ σ, x)dω(x),
and thus[
a−2
d
da
(
a3
 
|x|=a
Nℓ(t+ σ, x)dω(x)
)]
a=σ−r
= −3
(
σ − r
r + t
) 
|x|=σ−r
Mℓ(t+ σ, x)dω(x)
+ (σ − r)−2
(
t+ σ
r + t
)
d
dσ
(
(σ − r)3
 
|x|=σ−r
Nℓ(t+ σ, x)dω(x)
)
.
Therefore, we write
φI,3 = −1
2
(r + t)−1
ˆ +∞
r
(σ − r)−2 d
dσ
(
(σ − r)3
 
|x|=σ−r
Nℓ(t+ σ, x)dω(x)
)
dσ
+
3
2
(r + t)−1
ˆ +∞
r
(
σ − r
t+ σ
) 
|x|=σ−r
Mℓ(t+ σ, x)dω(x)dσ
and by integration by parts,
φI,3 = −(r + t)−1
ˆ +∞
r
 
|x|=σ−r
Nℓ(t+ σ, x)dω(x)dσ
+
3
2
(r + t)−1
ˆ +∞
r
(
σ − r
t+ σ
) 
|x|=σ−r
Mℓ(t+ σ, x)dω(x)dσ.
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We obtain the following expression concerning φI,3
8π2
3
φI,3 = −(r + t)−1
ˆ
|x|−4Nℓ(t+ r + |x|, x)dx
+
3
2
(r + t)−1
ˆ
(t+ r + |x|)−1|x|−3Mℓ(t+ r + |x|, x)dx. (A.3)
Asymptotics of φI. We extract the asymptotics of φI for r ≫ 1, 1 ≪ t ≤ r 1112 from the
exact expressions (A.1), (A.2) and (A.3). First, in view of (A.1), we set
Γ1(ℓ) =
3
8π2
ˆ
|y|>1
|y|−4
(
(y1 − ℓ|y|+ ℓ)2
1− ℓ2 + |y¯|
2
)− 3
2
dy,
Θ1(ℓ) =
1
2
 
|y|=1
( |y1|2
1− ℓ2 + |y¯|
2
)− 3
2
dω(y).
Observe that Γ1 < +∞. Indeed, if |y| > 1 and y1 < 0, then y1 − ℓ|y| + ℓ < y1 and so
(y1−ℓ|y|+ℓ)2
1−ℓ2 +|y¯|2 ≥ |y|2. If |y| > 1 and y1 > 0, then y1−ℓ|y|+ℓ > y1−ℓ(y1+|y¯|) = (1−ℓ)|y1|−|y¯|
and so (y1−ℓ|y|+ℓ)
2
1−ℓ2 + |y¯|2 ≥
(y1−ℓ|y|+ℓ)2
4 + |y¯|2 ≥ (1−ℓ)
2
8 |y1|2 − 12 |y¯|2 + |y¯|2 & |y|2. Thus,
Γ1(ℓ) .
´
|y|>1 |y|−7dy < +∞. Using the inequality |A−
3
2 −B− 32 | . (A− 52 +B− 52 )|A−B| and
the lower bounds
(y1 − ℓ|y|+ ℓ− ℓ tr )2
1− ℓ2 + |y¯|
2 + r−2 & |y|2, (y1 − ℓ|y|+ ℓ)
2
1− ℓ2 + |y¯|
2 & |y|2
we estimate, for r ≫ 1, t ≤ r 1112 large,∣∣∣∣∣r2
ˆ
|x|>r
|x|−4Nℓ(t+ |x| − r, x)dx− 8π
2
3
Γ1(ℓ)
∣∣∣∣∣
.
ˆ
|y|>1
|y|−4
∣∣∣∣∣∣
(
(y1 − ℓ|y|+ ℓ− ℓ tr )2
1− ℓ2 + |y¯|
2 + r−2
)− 3
2
−
(
(y1 − ℓ|y|+ ℓ)2
1− ℓ2 + |y¯|
2
)− 3
2
∣∣∣∣∣∣ dy
.
ˆ
|y|>1
|y|−9
(
t|y|
r
+
t2
r2
)
dy .
t
r
ˆ
|y|>1
|y|−8dy . t
r
.
It follows that
− 3
8π2
(r − t)−1
ˆ
|x|>r
|x|−4Nℓ(t+ |x| − r, x)dx = −Γ1(ℓ)r−3 +O(tr−4)
= −Γ1(ℓ)r−3 +O(r−1t−
9
4 ).
Similarly,∣∣∣∣∣12r−1
ˆ
|x|=r
Nℓ(t, x)dω(x) − 8π
2
3
Θ1
∣∣∣∣∣
.
 
|y|=1
∣∣∣∣∣∣
((
y1 − ℓ tr
)2
1− ℓ2 + |y¯|
2 + r−2
)− 3
2
−
(
y21
1− ℓ2 + |y¯|
2
)− 3
2
∣∣∣∣∣∣
(
t|y|
r
+
t2
r2
)
dω(y) .
t
r
,
SOLITON COLLISIONS FOR THE CRITICAL WAVE EQUATION 57
and thus the second term in (A.1) is estimated as
3
8π2
r−3
2
(r − t)−1
ˆ
|x|=r
Nℓ(t, x)dω(x) = r
−3Θ1(ℓ) +O(r−1t−
9
4 ).
Now, we bound the last term in (A.1) as follows
(r − t)−1
ˆ
|x|>r
(t+ |x| − r)−1|x|−3Mℓ(t+ |x| − r, x)dx
. r−4t−1
ˆ
|y|>1
|y|−3
((
y1 − ℓ|y|+ ℓ− ℓ t
r
)2
+ |y¯|2 + r−2
)− 5
2
dy
. r−4t−1
ˆ
y>1
|y|−8dy . r−4t−1.
Thus, φI,1 = −Γ1(ℓ)r−3 +Θ1(ℓ)r−3 +O(r−1t− 94 ).
Second, in view of (A.2), we set
Γ2(ℓ) =
3
8π2
ˆ
|y|<1
|y|−4
(
(y1 − ℓ|y|+ ℓ)2
1− ℓ2 + |y¯|
2
)− 3
2
dy.
Observe that Γ2(ℓ) < +∞ for 0 < ℓ < 1. Indeed, for |y| < 1, we have if y1 > 0, |y1−ℓ|y|+ℓ| ≥
|(1 − ℓ)y1 + ℓ| − ℓ|y1 − |y|| ≥ (1 − ℓ)y1 + ℓ− |y¯| and so |y1 − ℓ|y|+ ℓ|2 + |y¯|2 & |y|2 + ℓ2. For
|y| < 1, if y1 < 0, |y1 − ℓ|y| + ℓ| ≥ |(1 + ℓ)y1 + ℓ| − ℓ||y| − |y1|| ≥ |(1 + ℓ)y1 + ℓ| − |y¯| and so
|y1 − ℓ|y|+ ℓ|2 + |y¯|2 & |y1 + ℓ1+ℓ |2 + |y¯|2. Thus, for 0 < ℓ < 1,
Γ2(ℓ) .
ˆ
|y|<1
|y|−4
((
y1 +
ℓ
1 + ℓ
)2
+ |y¯|2
)− 3
2
dy < +∞.
Moreover, using the inequality |A− 32 −B− 32 | . (A− 52+ 14 +B− 52+ 14 )|A−B| 34 , we obtain∣∣∣∣∣r2
ˆ
|x|<r
|x|−4Nℓ(t+ r − |x|, x)dx− 8π
2
3
Γ2(ℓ)
∣∣∣∣∣
.
ˆ
|y|<1
|y|−4
∣∣∣∣∣∣
(
(y1 − ℓ|y|+ ℓ− ℓ tr )2
1− ℓ2 + |y¯|
2 + r−2
)− 3
2
−
(
(y1 − ℓ|y|+ ℓ)2
1− ℓ2 + |y¯|
2
)− 3
2
∣∣∣∣∣∣ dy
.
(
t
r
) 3
4
ˆ
|y|<1
|y|−4
((
y1 +
ℓ(1− tr )
1 + ℓ
)2
+ |y¯|2
)− 5
2
+ 1
4
dy
+
(
t
r
) 3
4
ˆ
|y|<1
|y|−4
((
y1 +
ℓ
1 + ℓ
)2
+ |y¯|2
)− 5
2
+ 1
4
dy .
(
t
r
) 3
4
.
The second term in (A.2) writes as before
− 3
8π2
r−3
2
(r + t)−1
ˆ
|x|=r
Nℓ(t, x)dω(x) = −r−3Θ1(ℓ) +O(r−1t−
9
4 ).
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Now, we bound the last term in (A.2) as follows
(r + t)−1
ˆ
|x|<r
(t+ r − |x|)−1|x|−3Mℓ(t+ r − |x|, x)dx
. r−4+
1
2 t−1
ˆ
|y|<1
|y|−3
((
y1 − ℓ|y|+ ℓ− ℓ t
r
)2
+ |y¯|2 + r−2
)− 5
2
+ 1
4
dy
. r−
7
2 t−1
ˆ
|y|<1
|y|−3
((
y1 +
ℓ(1− tr )
1 + ℓ
)2
+ |y¯|2
)− 5
2
+ 1
4
dy . r−
7
2 t−1.
In conclusion of these estimates, we obtain φI,2 = −Γ2(ℓ)r−3 −Θ1(ℓ)r−3 +O(r−1t− 94 ).
Third, in view on (A.3), we set
Γ3(ℓ) =
3
8π2
ˆ
|y|−4
(
(y1 − ℓ|y| − ℓ)2
1− ℓ2 + |y¯|
2
)− 3
2
dy.
Observe that Γ3(ℓ) < +∞ for 0 < ℓ < 1. Indeed, we have if y1 < 0, |y1 − ℓ|y| − ℓ|2 + |y¯|2 &
|y|2 + ℓ2, and if y1 > 0, |y1− ℓ|y| − ℓ| ≥ |(1− ℓ)y1− ℓ| − ℓ||y| − |y1|| ≥ |(1− ℓ)y1− ℓ| − |y¯| and
so |y1 − ℓ|y| − ℓ|2 + |y¯|2 & |y1 − ℓ1−ℓ |2 + |y¯|2. Thus, 0 < ℓ < 1,
Γ3(ℓ) .
ˆ
|y|−4
((
y1 − ℓ
1− ℓ
)2
+ |y¯|2
)− 3
2
dy < +∞.
As before, we estimate the first term in (A.3),∣∣∣∣r2 ˆ |x|−4Nℓ(t+ r + |x|, x)dx − 8π23 Γ3(ℓ)
∣∣∣∣
.
ˆ
|y|−4
∣∣∣∣∣∣
(
(y1 − ℓ|y| − ℓ− ℓ tr )2
1− ℓ2 + |y¯|
2 + r−2
)− 3
2
−
(
(y1 − ℓ|y| − ℓ)2
1− ℓ2 + |y¯|
2
)− 3
2
∣∣∣∣∣∣ dy
.
(
t
r
) 3
4
ˆ
|y|−4(1 + |y| 34 )
((
y1 − ℓ
1− ℓ
)2
+ |y¯|2
)− 5
2
+ 1
4
dy
+
(
t
r
) 3
4
ˆ
|y|−4(1 + |y| 34 )
((
y1 −
ℓ(1 + tr )
1− ℓ
)2
+ |y¯|2
)− 5
2
+ 1
4
dy .
(
t
r
) 3
4
.
Now, we bound the last term in (A.3) as follows
(r + t)−1
ˆ
(t+ r + |x|)−1|x|−3Mℓ(t+ r + |x|, x)dx
. r−4+
1
2 t−1
ˆ
|y|−3
((
y1 − ℓ|y| − ℓ− ℓ t
r
)2
+ |y¯|2 + r−2
)− 5
2
+ 1
4
dy
. r−
7
2 t−1
ˆ
|y|−3
((
y1 −
ℓ(1 + tr )
1− ℓ
)2
+ |y¯|2
)− 5
2
+ 1
4
dy . r−
7
2 t−1.
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Thus, φI,3 = −Γ3(ℓ)r−3 +O(r−1t− 94 ).
Gathering these estimates, we obtain φI = −Γ(ℓ)r−3 +O(r−1t− 94 ), where
Γ(ℓ) =
3
8π2ℓ2
ˆ ((x1 − ℓ|x|+ 1)2
1− ℓ2 + |x¯|
2
)− 3
2
+
(
(x1 + ℓ|x|+ 1)2
1− ℓ2 + |x¯|
2
)− 3
2
 dx
|x|4
Computation and asymptotics of φII. Now, we compute the asymptotic of φII for r
large and t < r
11
12 large,
φII =
45
16π2
ˆ ∞
0
(t+ σ)−1
ˆ r+σ
|r−σ|
a−3
ˆ
|x|=a
Kℓ(t+ σ)dω(x)dadσ
=
45
16π2
ˆ ∞
0
(t+ σ)−1
ˆ
|r−σ|<|x|<r+σ
|x|−3Kℓ(t+ σ)dxdσ
Note that for |x| > r + σ, we have |x− ℓe1(t+ σ)| ≥ |x| − ℓ(t+ σ) ≥ (1− ℓ)|x|, and soˆ
|x|>(r+σ)
|x|−3Kℓ(t+ σ)dx .
ˆ
|x|>(r+σ)
|x|−10dx . (r + σ)−5.
Thus, ∣∣∣∣∣φII − 4516π2
ˆ ∞
0
(t+ σ)−1
ˆ
|r−σ|<|x|
|x|−3Kℓ(t+ σ)dxdσ
∣∣∣∣∣ . r−4t−1.
We remark that |r − σ| < ℓ(t + σ) is equivalent to r−ℓt1+ℓ < σ < r+ℓt1−ℓ . Thus it is natural
to decompose the integral according to the three regions 0 < σ < r−ℓt1+ℓ , σ >
r+ℓt
1−ℓ and
r−ℓt
1+ℓ < σ <
r+ℓt
1−ℓ .
First, for 0 < σ < r−ℓt1+ℓ <
r
1+ℓ < r and |x| > r − σ & r, we observe that
(|x1 − ℓ(t+ σ)|2 + |x¯|2)
1
2 ≥ |x| − ℓ(t+ σ) ≥ r − σ − ℓ(t+ σ) & r − ℓt
1 + ℓ
− σ.
Thus, using the change of variable σ = r−ℓt1+ℓ σ
′,
ˆ r−ℓt
1+ℓ
0
(t+ σ)−1
ˆ
|r−σ|<|x|
|x|−3Kℓ(t+ σ)dxdσ
. t−1r−3
ˆ r−ℓt
1+ℓ
0
(
r − ℓt
1 + ℓ
− σ
)− 3
4
ˆ (
(x1 − ℓ(t+ σ))2 + |x¯|2 + 1
)−3− 1
8 dxdσ
. t−1r−3+
1
4
ˆ 1
0
(1− σ′)− 34 dσ′ . r−1t− 94 .
Second, for σ > r+ℓt1−ℓ ≥ r1−ℓ ≥ r, |x| > σ − r, we observe that
(|x1 − ℓ(t+ σ)|2 + |x¯|2)
1
2 ≥ |x| − ℓ(t+ σ) ≥ σ − r − ℓ(t+ σ) & σ − r + ℓt
1− ℓ .
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Thus,
ˆ +∞
r+ℓt
1−ℓ
(t+ σ)−1
ˆ
|r−σ|<|x|
|x|−3Kℓ(t+ σ)dxdσ
. r−1
ˆ +∞
r+ℓt
1−ℓ
σ−3
(
σ − r + ℓt
1− ℓ
)− 3
4
ˆ (
(x1 − ℓ(t+ σ))2 + |x¯|2 + 1
)−3− 1
8 dxdσ
. r−4+
1
4
ˆ +∞
1
(σ′)−3(1− σ′)− 34 dσ′ . r− 154 . r−1t− 94 .
Third, we consider the region r−ℓt1+ℓ < σ <
r+ℓt
1−ℓ . We observe that for |x| > 10(t + σ), we
have |x− ℓe1(t+ σ)| ≥ |x| − ℓ(t+ σ) ≥ 12 |x|, and so
ˆ r+ℓt
1−ℓ
r−ℓt
1+ℓ
(t+ σ)−1
ˆ
|x|>10ℓ(t+σ)
(|x|−3 + (t+ σ)−3)Kℓ(t+ σ)dxdσ
.
ˆ r+ℓt
1−ℓ
r−ℓt
1+ℓ
(t+ σ)−4
ˆ
|x|>10(t+σ)
|x|−7dxdσ .
ˆ r+ℓt
1−ℓ
r−ℓt
1+ℓ
(t+ σ)−6dσ . r−5.
Next, using the inequality |A−3 −B−3| . (A−4 +B−4)|A−B|, we observe that∣∣|x|−3 − (ℓ(t+ σ))−3∣∣ . (|x|−4 + (t+ σ)−4) (|x1 − ℓ(t+ σ)|+ |x¯|)
and thus using the change of variable x = (t+ σ)y,
ˆ r+ℓt
1−ℓ
r−ℓt
1+ℓ
(t+ σ)−1
ˆ
|r−σ|<|x|<10ℓ(t+σ)
∣∣|x|−3 − (ℓ(t+ σ))−3∣∣Kℓ(t+ σ)dxdσ
.
ˆ r+ℓt
1−ℓ
r−ℓt
1+ℓ
(t+ σ)−1
ˆ
|r−σ|<|x|<10ℓ(t+σ)
(|x|−4 + (t+ σ)−4) (|x1 − ℓ(t+ σ)| + |x¯|)− 194 dxdσ
.
ˆ r+ℓt
1−ℓ
r−ℓt
1+ℓ
(t+ σ)−
19
4
ˆ
|y|<10
(|y|−4 + 1) (|y1 − ℓ|+ |y¯|)− 194 dydσ . r− 154 .
Fourth, we observe that for r−ℓt1+ℓ < σ < r, we have ℓ(t+ σ) > r − σ and so for |x| < r − σ,
(|x1 − ℓ(t+ σ)|2 + |x¯|2) 12 ≥ ℓ(t+ σ)− |x| & σ − r−ℓt1+ℓ . Thus, the following holdsˆ r
r−ℓt
1+ℓ
(t+ σ)−4
ˆ
|x|<|r−σ|
Kℓ(t+ σ)dxdσ
. r−4
ˆ r
r−ℓt
1+ℓ
(
σ − r − ℓt
1 + ℓ
)− 3
4
ˆ (
(x1 − ℓ(t+ σ))2 + |x¯|2 + 1
)−3− 1
8 dxdσ′ . r−
15
4 ,
and similarly, ˆ r+ℓt
1−ℓ
r
(t+ σ)−4
ˆ
|x|<|r−σ|
Kℓ(t+ σ)dxdσ
′ . r−
15
4 .
Therefore,
φII =
45
16π2ℓ3
ˆ r+ℓt
1−ℓ
r−ℓt
1+ℓ
(t+ σ)−4
ˆ
Kℓ(t+ σ)dxdσ +O(r
−1t−
9
4 ).
SOLITON COLLISIONS FOR THE CRITICAL WAVE EQUATION 61
By change of variable, we see that
´
Kℓ(t+ σ) =
8π2
15 (1 + 3ℓ
−2)−1Θ(ℓ), where
Θ(ℓ) =
15(1 + 3ℓ−2)
16π2
ˆ ( |y1|2
1− ℓ2 + |y¯|
2 + 1
)− 7
2
dy.
Moreover, for 1≪ t < r 1112 ,
ℓ−3
ˆ r+ℓt
1−ℓ
r−ℓt
1+ℓ
(t+ σ)−4 = ℓ−3
ˆ r
1−ℓ
r
1+ℓ
σ−4dσ +O(r−3−
1
12 )
=
ℓ−3r−3
3
(
(1 + ℓ)3 − (1− ℓ)3)+O(r−3− 112 ) = 2
3
(1 + 3ℓ−2)r−3 +O(r−3−
1
12 ).
It follows that φII = Θ(ℓ)r−3 +O(r−1t−
9
4 ).
Estimate of φIII. We observe that for t large, |f III(t, x)| . t−2〈xℓ〉−5. For σ > 0 fixed,∣∣∣∣∣
ˆ r+σ
|r−σ|
a
( 
|x|=a
f III(t+ σ, x)dω(x)
)
da
∣∣∣∣∣ . (t+ σ)−2
ˆ +∞
|r−σ|
a−3
ˆ
|x|=a
Mℓ(t+ σ, x)dω(x)da
. (t+ σ)−2
ˆ
|x|>|r−σ|
|x|−3 (|x1 − ℓ(t+ σ)|2 + |x¯|2)− 52+ 14 dx
. (t+ σ)−5+
1
2
ˆ
|y|> |r−σ|
t+σ
|y|−3 (|y1 − ℓ|2 + |y¯|2)− 52+ 14 dy
. (t+ σ)−2(|r − σ|+ t+ σ)−3+ 12 . (t+ σ)−2r−3+ 12 .
Thus, |φIII(t, r)| . r−3+ 12 ´ +∞0 (t+ σ)−2dσ . r−1t− 94 .
Conclusion. For 1≪ t ≤ r 1112 , we have obtained φℓ(t, r) = (Θ(ℓ)− Γ(ℓ))r−3 +O(r−1t− 94 ).
First,
Θ(ℓ) =
15
8π2
(3ℓ−2 + 1)(1− ℓ2) 12
ˆ (|y1|2 + |y¯|2 + 1)− 72 dy
= 5(3ℓ−2 + 1)(1 − ℓ2) 12
ˆ +∞
0
r4(1 + r2)−
7
2 dr = (3ℓ−2 + 1)(1 − ℓ2) 12 .
Second, we compute Γ(ℓ). Note that
1
2π2
ˆ (
(x1 − ℓ|x|+ 1)2
1− ℓ2 + |x¯|
2
)− 3
2
=
ˆ +∞
0
ˆ r
−r
(
(a− ℓr + 1)2
1− ℓ2 + r
2 − a2
)− 3
2
(
1− a
2
r2
)
da
dr
r
= (1− ℓ2) 32
ˆ 0
−∞
ˆ 1
−1
(
(rb+ ℓr + 1)2 + r2(1− b2)(1 − ℓ2))− 32 (1− b2) dbdr,
62 Y. MARTEL AND F. MERLE
and similarly
1
2π2
ˆ (
(x1 + ℓ|x|+ 1)2
1− ℓ2 + |x¯|
2
)− 3
2 dx
|x|4
= (1− ℓ2) 32
ˆ +∞
0
ˆ 1
−1
(
(rb+ ℓr + 1)2 + r2(1− b2)(1− ℓ2))− 32 (1− b2) dbdr.
Thus, by direct computation
Γ(ℓ) =
3
4
ℓ−2(1− ℓ2) 32
ˆ +∞
−∞
ˆ 1
−1
(
(rb+ ℓr + 1)2 + r2(1− b2)(1 − ℓ2))− 32 (1− b2) dbdr
=
3
4
ℓ−2(1− ℓ2) 32
ˆ +∞
−∞
ˆ 1
−1
((
r(1 + bℓ) +
b+ ℓ
1 + bℓ
)2
+
(1− b2)(1 − ℓ2)
(1 + bℓ)2
)− 3
2 (
1− b2) dbdr
=
3
4
ℓ−2(1− ℓ2) 12
(ˆ 1
−1
(1 + bℓ)db
)(ˆ +∞
−∞
(
u2 + 1
)− 3
2 du
)
= ℓ−2(1− ℓ2) 12 .
Therefore, φℓ(t, r) = (1− ℓ2) 12 r−3 +O(r−1t− 94 ) and Lemma 3.3 is proved.
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